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1. Introduction

At TeV colliders, electroweak radiative corrections are strongly enhanced by logarithms
of the type In(Q?/ M\%VZ) M-M. These logarithmic corrections affect every reaction that
involves electroweakly interacting particles and is characterized by scattering energies Q >
My 7. The impact of the enhanced electroweak corrections at high-energy colliders has
been investigated both in complete one-loop calculations and in logarithmic approximation
for several specific reactions, including gauge-boson pair production at the ILC [f, f] and
the LHC [ff], gauge-boson scattering [B, fi], fermion-pair production in ete~ collisions [[, §,
Drell-Yan processes at the LHC [[J], heavy-quark production [[[(], single-gauge-boson plus
jet production at the LHC [LT]], Higgs production in vector-boson fusion at the LHC [[[7],
and three-jet production in ete™ collisions [[[J. The results of these studies demonstrate
that at energies Q ~ 1TeV the size of the electroweak corrections can reach, depending on
the process, up to tens of per cent at one loop and several per cent at two loops.

At high energies, the dominant effects can be described in a systematic way by treat-
ing the electroweak corrections in the asymptotic limit Q/Myw, z — oo, where all masses
of order My are formally handled as infinitesimally small parameters. In this limit, the
electroweak corrections appear as a sequence of logarithms of the form o In’ <Q2 / M\%V,Z)’
with j < 2[, which diverge asymptotically. These logarithms have a two-fold origin. The
renormalization of ultraviolet (UV) singularities at the scale ur < My z yields terms of
the form In(Q?/ :“12{) and, in addition, the interactions of the initial- and final-state parti-
cles with soft and/or collinear gauge bosons give rise to In(Q? /M\%VZ) terms that represent
mass singularities.

As pointed out in ref. [[l4], soft and collinear electroweak logarithms are present not
only in those physical observables that are exclusive with respect to real radiation of Z and
W bosons, but even in fully inclusive observables [[4, [H]. However, there is no need to
combine corrections resulting from virtual and real Z/W bosons in the same observable.
Thus, in this paper we will consider only exclusive observables, which do not include real
Z/W-boson emission and contain only virtual contributions.

Since they originate from UV, soft, and collinear singularities, electroweak logarithmic
corrections have universal properties that can be studied in a process-independent way
and reveal interesting analogies between QED, QCD, and electroweak interactions. At one
loop, the leading logarithms (LLs) and next-to-leading logarithms (NLLs) factorize and are
described by a general formula that applies to arbitrary Standard-Model processes [[6, [[7].



The properties of electroweak logarithmic corrections beyond one loop can be investigated
by means of infrared evolution equations that describe the electroweak interactions in
terms of two regimes corresponding to SU(2) x U(1) and Ugpy (1) symmetric gauge theo-
ries [[§-R9]. This approach makes use of resummation techniques that were derived in
the context of symmetric gauge theories (QED, QCD), thereby assuming that electroweak
symmetry-breaking effects other than the splitting into two symmetric regimes are negligi-
ble in next-to-next-to-leading logarithmic (NNLL) approximation. An alternative method,
which also relies on factorization and exponentiation of the logarithmic corrections, is based
on soft-collinear effective theory [RJ]. Using this method, In(Q? /M%VZ) corrections to the
Sudakov form factor for massless and massive fermions have been calculated and used to
compute electroweak corrections to four-fermion processes at the LHC [p4, Rj]. Alter-
natively, the electroweak logarithms can be extracted explicitly from Feynman diagrams
at two loops —B7). Calculations of this type explicitly implement all aspects of elec-
troweak symmetry breaking through the Feynman rules and thus provide a strong check
of the results obtained via evolution equations or effective theories.

So far, all existing diagrammatic results are in agreement with the resummation pre-
scriptions. However, up to now only a small subset of logarithms and processes has been
computed explicitly at two loops: while the LLs [Rf] and the angular-dependent subset
of the NLLs [@] have been derived for arbitrary processes, complete diagrammatic cal-
culations at (or beyond) the NLL level exist only for matrix elements involving massless
external fermions [§-BZ). In the literature, no explicit 2-loop NLL calculation exists for
reactions involving massive scattering particles.

In this paper we derive the two-loop NLL corrections for general n-fermion processes
fife — fs...fn involving an arbitrary number of massless and massive fermions, i.e.
leptons, light or heavy quarks. We consider the limit where all kinematical invariants are
of order Q2 > M%vz, and the top mass — as well as the Higgs mass — is of the same order
as My z. Apart from the top quark all other fermions, including bottom quarks, are treated
as massless particles. Soft and collinear singularities from virtual photons are regularized
dimensionally and arise as e-poles in D = 4 — 2¢ dimensions. For consistency, the same
power counting is applied to In(Q?/ M%V) and 1/e singularities. Thus, in NLL approximation
we include all e =% lnj_k(Qz/M%V) terms with total power j = 2,1 at one loop and j = 4, 3 at
two loops. We explicitly show that the photonic singularities can be factorized in a gauge-
invariant electromagnetic term, in such a way that the remaining part of the corrections —
which is finite, gauge invariant, and does not depend on the scheme adopted to regularize
photonic singularities — contains only In(Q? /M\%V) terms. The divergences contained in
the electromagnetic term cancel if real-photon emission is included.

We utilize the technique that we introduced in ref. [B] to derive the NLL two-loop
corrections for massless n-fermion processes. This method is based on collinear Ward iden-
tities which permit to factorize the soft-collinear contributions from the n-fermion tree-level
amplitude and isolate them in process-independent two-loop integrals. The latter are eval-
uated to NLL accuracy using an automatized algorithm based on the sector-decomposition
technique [BJ] and, alternatively, the method of expansion by regions combined with Mellin-
Barnes representations (see ref. [B1] and references therein).



The treatment of n-fermion processes that involve massive top quarks implies two new
aspects: additional Feynman diagrams resulting from Yukawa interactions, and top-mass
terms that render the loop integrals more involved. The latter is the one that requires more
effort from the calculational point of view, since every topology has to be evaluated for sev-
eral different combinations of massive/massless internal and external lines. This part of the
calculation was automatized in the framework of the above-mentioned algorithms, thereby
doing an important step towards a complete NLL analysis of all processes that involve mas-
sive particles. A brief summary of the results presented here was anticipated in ref. [B4].

The paper is organized as follows. Section [] contains definitions and conventions used
in the calculation. In section | we review the techniques used to extract UV and mass
singularities for the case of massless fermion scattering [BJ] and extend them to the case
of massive fermions. The one-loop counterterms and explicit results for the renormalized
one-loop amplitude are given in section . The complete two-loop results are presented
in section [ including a discussion of the Yukawa-coupling contributions and the two-loop
renormalization. Section fj is devoted to the discussion of our final results. Explicit re-
sults for the various contributing one- and two-loop diagrams are presented in appendix [A].
Further appendices contain the definition of the loop integrals (appendix ) and relations
between them (appendix [d). Specific results for four-particle processes involving external
fermions and gluons, including a comparison with the results of refs. [R4, RJ], can be found
in appendix D]

2. Definitions and conventions

The calculation is based on the formalism introduced in ref. [B3] for massless fermion scat-
tering. Here we summarize the most important conventions and introduce new defini-
tions that are needed to describe massive fermions. For more details we refer to sec-
tion 2 of ref. [BJ].

We consider a generic n — 0 process involving an even number n of polarized

fermionic particles,
@1(p1) - - pn(pn) — 0. (2.1)

The symbols ¢; represent n/2 antifermions and n/2 fermions: ¢; = f&i for i =1,...,n/2
and @; = fri for i =n/2+1,...,n. The indices x; = R, L and o; characterize the chirality
(see below) and the fermion type (fy, = ve,€,...,T,u,d,...,t), respectively. All external
momenta are incoming and on shell, pz = mi. Apart from the top quarks, all other
fermions (including bottom quarks) are treated as massless particles.

The matrix element for the process (R.1) reads

n/2 n
i=1 j=n/2+1

where G£1%. is the corresponding truncated Green function. The spinors fulfil the
Dirac equation,

(p —m)u(p,r) =0, (p +m)v(p, k) =0, (2.3)



and the argument x denotes their chirality. More precisely, the polarization states Kk = R, L
are defined in such a way that in the massless limit the spinors are eigenstates of the
chiral projectors

1 1
WR = WL, = 5(1+75)7 WL = WR = 5(1—75)7 (2.4)
ie.
m m
wou(p, k) = Orpu(p, k) + O <Eu> ) wov(p, k) = 0pv(p, k) + O <Ev> (2.5)

for m/p® < 1. While massless spinors are exact eigenstates of the chiral projectors, in the
massive case the spinors are constructed by means of helicity projectors

On=0u=047%),  Q=0n= (1~ (2.6)
where
rt = :I:% <]ﬂ,p0%> ) for sign(p®) = +1, (2.7)
with (rp) =0, 72 = —1 and
Quu(p, k) = depu(p, K), va(p, K) = 0xpv(p, K). (2.8)

For m/p® — 0, we have 7* — p#/m, and the spinors satisfy (2.5) in the high-energy limit.
Note that in the case of antifermions, chirality and helicity play the opposite role, and we
always use chirality to label the spinors.

The amplitudes for physical scattering processes, i.e. 2 — n — 2 reactions, are easily
obtained from our results for n — 0 reactions using crossing symmetry.

2.1 Perturbative and asymptotic expansions

For the perturbative expansion of matrix elements we write

M= Mo M= (5) M a= (2D (29)
=0

4 eEQ?

where a = €?/(4n) and in D = 4 — 2¢ dimensions we include in the definition of a. a
normalization factor depending on €, the scale up of dimensional regularization, and the
characteristic energy () of the scattering process.

The electroweak corrections are evaluated in the region where all kinematical invari-
ants, 5., = (pj+---+ pr)?, are much larger than the squared masses of the heavy particles
that enter the loops,

7kl ~ Q2> M3y ~ M2 ~m? ~ M. (2.10)

In this region, the electroweak corrections are dominated by mass-singular logarithms,

pon(2), 2y

W



and logarithms of UV origin. Mass singularities that originate from soft and collinear
massless photons and UV singularities are regularized dimensionally and give rise to 1/e
poles. The amplitudes are computed as series in L and e, classifying the terms e?L™*"
according to the total power m of logarithms L and 1/e poles. At [ loops, terms with
m = 20,2l — 1,... are denoted as leading logarithms (LLs), next-to-leading logarithms
(NLLs), and so on. The calculation is performed in NLL approximation expanding the
one- and two-loop terms up to order €2 and €°, respectively,

2 2 4 0
MUEEST ST My, L7 M ST ST My, LT (212)

m=1n=—m m=3n=—m

Since the loop corrections depend on various masses, My ~ My ~ my ~ My, and different
invariants 75, the coefficients M, in (B.13) involve logarithms of type!

M? —ri, — 10 ‘
l; =Iln <M\%v> , lir =1In <]Qi2> for j # k. (2.13)

For convenience we also define /;; = 0 and

Lo (2). "

To distinguish terms associated with massless and massive fermions we use the symbols

1 i — 17 i =
G = b= L s hmi=00 L (2.15)
’ 0, m;=0 ’ 0, m; = my

Mass-suppressed corrections of order M\%v /Q? are systematically neglected.

2.2 Gauge and Yukawa couplings

The generators associated with the gauge bosons V = A, Z, W¥ are related to the weak
isospin generators 7%, the hypercharge Y, and the electromagnetic charge @ through

Y
eIWi -2 (T1 + iT2) , eIt = —eQ = —ggsWT3 — gchE’

V2

Y

el? = goewT? — gisw— = 923 _ eS—WQ, (2.16)
2 Cw Cw

where ¢y = cos by, and sy = sin#,, denote the sine and cosine of the weak mixing angle,

and ¢; and go are the coupling constants associated with the U(1) and SU(2) groups,

(]

respectively. The generators (R.16) obey the commutation relations

e[V 1] =igy Y MRV (2.17)
V3=A,Z W+

IThis dependence only appears at the next-to-leading level, i.e. for m = 20 — 1.



where V' denotes the complex conjugate of V and the e-tensor is defined in ref. [BJ]. The
SU(2) x U(1) Casimir operator reads

3
Z _6_2 5 +e—2, wit —Z( ) (8)
V=AZW* i=1

The gauge-boson masses, the vacuum expectation value v, and the couplings fulfil

1 1 My
szt = —gov, MZ = 5920, = hd

5 e o= cwg1Ye = swg2,  (2.19)

where Yg is the hypercharge of the Higgs doublet. Leaving Yg as a free parameter and
identifying e = cw g1, the Gell-Mann-Nishijima relation, which determines the hypercharges
of the fermions, reads Q = Y/2 + Yo T3.

The Feynman rules for the vector-boson-fermion-antifermion vertices read

fo"

VH
=iey" > welfr g, (2.20)
K=R,L 7

fs

where I}/H/ = denote the SU(2) x U(1) generators in the fundamental (v = L) or trivial
(k =R) cEepresentaution. The chiral projectors w,, in (R.20) can easily be shifted along the
fermionic lines using anticommutation relations? until they meet the spinor of an external
fermion or antifermion and can be eliminated using (R.5).

It is convenient to adopt a notation that describes the interactions of fermions and
antifermions in a generic way. To this end, for a generic incoming particle ¢; = f% or fri,

we define
I‘/;ﬁ K f ;) — i
FAA I T o v Jio , (2.21)
YiPi I}‘/"% FRy _I}/"% Kq for WYi = f(l:z

With this notation the interaction of a gauge boson V with incoming fermions and
antifermions yields

l(pl + % + ml) v 1(2]) + g] —m;)
—t— iey*I),  u(p;, ki and o(p;, ki)ieyt 1V, it T
(pi + q)2 — mz2 gl Vi (pz z) (pz z) Y s (pi + q)2 —m2

7

(2.22)

Similar expressions are obtained for multiple gauge-boson interactions. Apart from the
spinors and the reversed order of the Dirac matrices, these expressions differ only in the
sign of the mass terms in the Dirac propagators.® In practice we perform the calculations

2In the high-energy NLL approximation diagrams involving chiral anomalies are irrelevant. Thus we can
use {7*,7°} = 0in D = 4 — 2¢ dimensions.

3For antifermions the negative sign in the coupling (R.21)) compensates the negative sign (of slashed
momenta) due to the opposite fermion and momentum flow. This yields —(—p, — ¢ +mi) = (p, + ¢ — m.).



assuming that certain legs (i,7,...) are incoming fermions and we find that the results
are independent of the sign of the mass terms in the propagators (only squared mass
terms give rise to unsuppressed contributions). Thus, the results are directly applicable
to fermions and antifermions.

The Feynman rules for the scalar-fermion-antifermion vertices read

fa’
_____ = i (wrG, pp + Gl ) (2:23)

fs

where ® = H, x, ¢*. Unitarity implies the following relation between left- and right-handed
coupling matrices:

+ *
G = (Glerm) (2:24)
We consider only contributions proportional to the top-quark Yukawa coupling,
g2y
At = , 2.25
! \/§Mw ( )

and neglect the bottom-quark mass. The non-vanishing components of the right-handed
coupling matrix read

At

At . -
GtI{tR = —E, G?Ltl'{ = lﬁ, G?LtR = )\t. (226)
In analogy with (R.21)), we define
GCI)L R for ;= fR
Gi/_lcp/_ — é,//fg/ P ; , (227)
o G = O, forowi= o

and similarly for R < L. With this notation the interaction of a boson ¢ with incoming
fermions ¢; = f% and antifermions ¢; = f%i yields similar expressions as in the case of
gauge interactions (R.29),

i, td+mi) o : o —mi)
i TR TGP s d )iqe, i r T 2.98
g g et ) kG T S 229
In the case of light (anti)fermions (y; =lepton or quark of the first two generations), the
V3 IVQ IV1

subsequent interaction with gauge bosons V7, Vs, V3 yields coupling factors 1 oo Lo Lo

where the representation of all generators IV corresponds to the chirality ; given by the
spinor of the external particle ¢; [see (B-21))]. For quarks of the third generation (¢; =top
or bottom), due to Yukawa interactions and top-mass terms in the fermion propagators,
also couplings with opposite chirality contribute. These are denoted as

IV;/ /:[V// /

ol ol gl chn ;= chll ’ (229)

RoL i Py PiPi|RoL,




For instance, the subsequent emission of scalars and gauge bosons ®1, V5, &3 along a heavy-

quark line yields coupling factors G;{;}i, SD/_,IA V/%(p/. Gi,_l(p_.
In our results the matrix elements (ﬁ) are often abbreviated as

M = Me1-en, (2.30)

and when they are multiplied by gauge- and Yukawa-coupling matrices we write

PPk’ PPk’

/ /
ML =" Me1Fieen 1 MG = M -2heon Gl
i P

MG?lIXQ — Z MQOL..QOZ...«pnGCPl IVQ

o Lot etc. (2.31)

Pl
Similar shorthands are used for the coupling matrices (B.29). Global gauge invariance
implies the relation

VAl a0V ®; v
ey -Garn = > Gy, (2.32)
¢J:I{7X7¢i
between combinations of gauge and Yukawa couplings as well as the charge-
conservation identity

MY IV =0, (2.33)

which is fulfilled up to mass-suppressed terms in the high-energy limit. In (P.39), Igj ®,
denotes the SU(2) x U(1) generators for the Higgs doublet, which enter the gauge couplings
of the Higgs boson.

3. Treatment of ultraviolet and mass singularities

Large logarithms and 1/e poles originate from UV and mass singularities. These contri-
butions can be extracted from one- and two-loop Feynman diagrams within the 't Hooft-
Feynman gauge, using the technique introduced in ref. [BJ]. In section .1 we review this
method for the case of massless fermion scattering. The new aspects that emerge in the
presence of massive fermions are discussed in section B.4. Finally, in section B.3, we report
on a calculation of the fermionic form factor as a check of the validity of our methods.

3.1 Massless fermions
Here we give a concise summary of the method presented in ref. [BY]. For a detailed

discussion we refer to the original paper.

3.1.1 Origin of mass singularities

Mass singularities appear in loop diagrams involving soft and/or collinear gauge bosons
that couple to external legs. At one loop, the mass singularities of the n-fermion amplitude



originate from diagrams of the type

\%4

I (3.1)

where an electroweak gauge boson, V = A, Z, W=, couples to one of the external fermions
(¢ =1,...,n) and to either (i) another external fermion or (ii) an internal propagator.
While diagrams of type (ii) produce only single logarithms of collinear origin, diagrams
of type (i) give rise to single and double logarithms. The latter originate from the region
where the gauge-boson momentum is soft and collinear to one of the external fermions. At
two loops, the following five types of diagrams give rise to NLL mass singularities

. \% . . .
Vo 7 2 i . 7 )
J
%1 "1
: i, Vi 5 i, , i .
V3 Vo
J J J J
(32)

Here the NLL mass singularities originate from the regions where the gauge boson V7 is

Va

simultaneously soft and collinear, and the gauge bosons V5 and V3 in the first four types
of diagrams are soft and/or collinear.

3.1.2 Factorizable and non-factorizable contributions

The soft-collinear NLL contributions resulting from the diagrams (B.1) and (B.2) are split
into factorizable and non-factorizable ones. The one- and two-loop factorizable (F) parts
result from those diagrams where the virtual gauge bosons couple only to external lines.
Including sums over gauge bosons and external legs we have

M-lyy

i=1 =1 V=A Z,W*
J#i

and
i i
n n 1
V;
I 3 VR H I C TN oa
i=1 i=1 V,,=A,Z, W+
i . -
J J
i Vy i V2 i i
V-
Vi 1 !
+ + i+ Vi —{—5 :
V3 Vo
J J J J



> " Sy .
+ s i+ +<
k=1 2 6 8 k=1 I=1 V2 g
k#i,j k k#i,j 14,5,k 1
ql‘«—mpu
(3.4)

The limit ¢* — xp* in (B.3) and (B.4) indicates that the above diagrams are evaluated
in the approximation where each of the four-momenta ¢* of the various gauge bosons
is collinear to one of the momenta p* of the external legs or soft. Where relevant, also
the contributions of hard regions are taken into account (see section B.I.4). The label
F in the n-fermion tree subdiagrams in (B.3) and (B.4) indicates that, by definition, the
factorizable contributions include only those parts of the above diagrams that are obtained
by performing the loop integration with the momenta ¢, of the gauge bosons V,, set to
zero in the n-fermion tree subdiagrams.

These contributions are called factorizable since their logarithmic soft-collinear sin-
gularities factorize from the n-fermion tree amplitude (see below). The remaining con-
tributions are called non-factorizable (NF). They comprise those diagrams of type (B.1)
and (B.d) that involve gauge bosons V; coupling to internal (hard) propagators, and the
non-factorizable parts of the diagrams in (B.3) and (B.4). In ref. [BJ], using collinear Ward
identities, it was explicitly shown that all non-factorizable one- and two-loop contributions
cancel at the amplitude level.

3.1.3 Soft-collinear approximation

The soft-collinear singularities are extracted from the above Feynman diagrams using the
following soft-collinear approximation for the interactions of virtual gauge bosons Vi ...V,
with an incoming (anti)fermion line ¢

"

aif —appt (pi + Gn)? (pi + q1)?

Va ~ n V; )
lim g g i = Eﬁl % —2el;" (pi + Gn)" —2el; (pi + q1)™
| I Vi S

(3.5)

Here g;, are the loop momenta of the gauge bosons Vi, and ¢ = g1+ - -+q;. In practice, the
coupling of each soft/collinear gauge boson gives rise to a factor —2el ZV *(pi + qk)*. When
applied to the factorizable diagrams in (B.3)-(B.4), this approximation removes all Dirac
matrices occuring along the fermionic lines and yields factorized expressions of the form

My = My Ky, (3.6)

where the NLL corrections K 9, involving coupling factors and logarithmically divergent
loop integrals, factorize from the n-fermion tree amplitude M.

As discussed in ref. [BZ], the soft-collinear approximation (B.§) provides a correct de-
scription of the gauge-boson-fermion couplings in all soft/collinear regions that are relevant

— 11 —



for an NLL analysis at one and two loops, with the following exception: The soft-collinear
approximation is not applicable to topologies of type

, (3.7)

which contain UV singularities associated with a subdiagram with characteristic scale
Ml200p < @Q? (see next section) or give rise to power singularities of O(1/M?). For these
diagrams, the soft-collinear approximation (B.5) can be applied only to the vertices that
occur outside the one-loop subdiagrams that are depicted as grey blobs in (B.7), whereas
for the vertices and propagators inside the one-loop subdiagrams we have to apply the
usual Feynman rules.

To bring these diagrams in the factorized form (B.f), we have to simplify the Dirac
matrices along the fermionic lines where the soft-collinear approximation is not applicable.
To this end we utilize trace projectors that reduce these Dirac matrices to scalar quantities.
In practice, for the second and third diagram in @), the Dirac matrices along the line ¢
are eliminated using [BJ]

Xu(pi, ki) = Y wpllyj (wpX) u(pi, ki) = Iij (wie, X) u(pi, ki), (3.8)
o

where X represents the diagram without I@ and external spinors, and the projector is
defined as

IL; ()

Tr Ty (3.9)

 2pip;
if m; = mj = 0. For a detailed discussion we refer to section 3.2 of ref. [BJ.

3.1.4 Treatment of ultraviolet singularities

In addition to logarithmic soft-collinear singularities, also the logarithms originating from
UV singularities need to be taken into account. Moreover, the soft-collinear approxima-
tion (B.5) can give rise to fake UV logarithms that must carefully be avoided or subtracted.
Since UV singularities produce only a single logarithm per loop, in NLL approximation
we need to consider only UV-divergent diagrams of one-loop order and their insertion in
one-loop diagrams (B.3) involving leading soft-collinear singularities. The UV logarithms
originate from the UV cancellations between bare diagrams and counterterms as

anel 2 \°€ 1 2\ € 2
<u_2> ey -2 (%) —n | AR} 4+ o), (3.10)
Q € /’Lloop € ’LLR, 'LLIOOp
— ~—
counterterms

bare diagrams

where pi00p is the characteristic scale of the UV-singular loop diagram, pgr is the renor-
malization scale, and the term (p?/Q?)° — that we always absorb in a. [see (2.9)] — is

- 12 —



factorized. In our calculation, the UV poles of bare loop diagrams and counterterms are
removed by means of a minimal subtraction at the scale Q2. As a result, the UV divergent
terms take the form

W) L@ e

counterterms

bare diagrams

which is obviously equivalent to (B.1(). The advantage of this subtraction is that for
all bare (sub)diagrams with ,u1200p ~ @Q? the UV singularities e ![(Q?/ ,u1200p)6 — 1] do not
produce large logarithms and are thus negligible. This holds also for fake UV singularities
resulting from the soft-collinear approximation. Thus, apart from the counterterms,
we must consider only those (subtracted) UV contributions that originate from bare
(sub)diagrams with leoop < @Q%. At one loop this condition is never realized in the high-
energy limit (R.10), and in practice we need to consider only the two-loop UV contributions
which result from the diagrams in (B.3) through insertion of UV-divergent subdiagrams in
the lines that are not hard (:“12001; < @Q?). These contributions correspond to the diagrams
depicted in (B.7), for which we use — instead of the soft-collinear approximation — the
projectors (B.§)—(B.9), thereby ensuring a correct description of the UV regions.

3.2 Massive fermions

The method outlined in section B.1 is applicable also to processes involving external top
and/or bottom quarks. However, in the presence of massive fermions, two new aspects
must be taken into account: mass terms in the top-quark propagators and new diagrams
resulting from Yukawa interactions.

3.2.1 Top-mass terms

Let us recall that, in the high-energy limit (R.1()), the top-quark mass is treated as a small
parameter and terms of O(NLL x my/Q) are systematically neglected. In this approxima-
tion, only the following types of m¢-terms must be considered:

(i) Yukawa couplings proportional to m/Myy;
(ii) my-terms acting as collinear regulators in the denominator of propagators;

(iii) m¢-terms in the numerator of loop integrals of O(NLL/my) or O(NLL/Mw zn), i.e.
integrals that involve power singularities.

The majority of the m¢-terms occuring in one- and two-loop diagrams does not belong to
these categories and can be set to zero. In particular, by explicit inspection of the relevant
one- and two-loop integrals, we find that m¢-terms of type (iii) occur only inside the one-
loop insertions in the diagrams (B.7). Apart from these special cases all other m¢-terms in
the numerators of loop integrals can be set to zero.
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3.2.2 NLL contributions from gauge interactions

As in the case of massless fermion scattering, the diagrams (B.1)-(B.J) with external-leg
interactions of soft/collinear gauge bosons produce logarithmic mass singularities. These
diagrams are split into factorizable and non-factorizable parts as discussed in section
and, in the presence of massive fermions, the Ward identities that are responsible for the
cancellation of the non-factorizable contributions [BJ receive only negligible corrections
of O(m/Q). Thus, as in the case of massless fermions, the non-factorizable parts
do not contribute and we can restrict ourselves to the calculation of the factorizable
parts (B.3) and (B.4).

The soft-collinear approximation (B.§) can easily be adapted to massive fermions by
including the my-terms in the denominator of the top-quark propagators and leaving the
numerator as in the massless case. In principle m¢-terms modify also the numerator of (B.9).
However, as observed above, such terms are relevant only in the one-loop insertion diagrams
in (B.4). Here, as discussed in section B.1.3, we employ the usual Feynman rules — and
not the soft-collinear approximation — due to the presence of UV divergences or power
singularities of O(1/M?).

To bring the diagrams of type (B.7) in the factorized form (.4), we utilize projections
analogous to (B.§). In the case of massive fermions, using the two projectors

2pip; mim?
II;; (T') = Tr |T'(p. i . — 3.12
1) = Gyt - dmIm? i+ ma) (sz] pip; (312
and
~ 2pip;j PP,
IL;; (I') = Tr [T'(p. i)l1—-— 3.13
10 (pip;)? — AmZmZ [ P, +ma) < pip; (3.13)
we obtain

Xu(pi, ki) = 3w, [Hij (W, X) + I (w, X) pj] u(pi, ki). (3.14)
p

Here, in contrast to the massless case, the Dirac matrices are not projected out completely
and a term proportional to lzlij(pr )pj remains, which cannot be cast in the factorized
form (B.6). However, after explicit evaluation of the loop integration, we find that these
ﬁij—terms are suppressed in the high-energy limit and only the factorizable terms associated
with the projector 1I;; contribute.

The projectors (B.12)—(B.14) are applicable in the case where particle ¢ is an incoming
fermion. For antifermions similar projectors can be constructed, which differ only in the
sign of the m;-terms. As discussed in section .3, this difference is irrelevant since only
squared mass terms produce NLL contributions. Thus, the results derived for fermions are
directly applicable to antifermions.

All logarithms of UV origin — also in the presence of Yukawa interactions — are
treated by means of a minimal subtraction at the scale Q2 as explained in section B.1.4.
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3.2.3 NLL contributions from Yukawa interactions

The interaction of external bottom or top legs with scalar bosons is suppressed in all
soft/collinear regions. Thus, Yukawa interactions can produce NLL contributions only
through the counterterms (see section [L.1]) and the topologies of type (B.7), which con-
tain UV singularities or power singularities of O(1/M?). In addition to the diagrams of
type (B.7) that are present in the massless case, the following new bare diagrams must be
taken into account:

D MDD

=1 I=1 Vin=A,ZW* &,=H,x,¢*
J#i
(3.15)

By explicit inspection we find that the last two diagrams in (B.1) are suppressed in NLL
accuracy since the VV® couplings of O(My z) are not compensated by 1/M terms from
the loop integrals. The NLL terms resulting from the first three diagrams in (B.1) are
worked out in section p.1.

3.3 Form-factor checks

When evaluating the factorizable contributions of arbitrary n-fermion processes, we have to
eliminate the Dirac matrices along the fermionic lines in order to separate the loop integrals
from the tree amplitude M. For this purpose we use the soft-collinear approximation for
gauge interactions presented in section B.1.3 and the fact that the Yukawa interactions are
suppressed in all soft/collinear regions (see section B.2.3).

We have checked the validity of this procedure for the case of the form factor which
couples a fermion-antifermion pair to an external Abelian field. In our approach, the radia-
tive corrections to this form factor are given by the factorizable contributions (B.3), (B.4),
and (B.19) with n = 2 external fermions (in this case the diagrams with three and four
legs in (B.4) do not contribute). Alternatively, we have calculated the one- and two-loop
corrections to the form factor in the high-energy limit including all Feynman diagrams,
without neglecting my-terms in the numerator, and employing projection techniques (see
e.g. ref. BY]) instead of the soft-collinear approximation. After performing the minimal
subtraction of the UV divergences as explained in section B.1.4, the results of the com-
plete form-factor calculation agree with the ones resulting from the factorizable contri-
butions (B.3), (B.4), and (B.17) in soft-collinear approximation. We have also verified by
explicit evaluation that, as expected from the discussion in section B.2.3, the form-factor
diagrams with Yukawa interactions that are not included in (B.15) are either suppressed or
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vanish in NLL accuracy. Two of these additional Yukawa diagrams* yield non-vanishing
NLL contributions which are, however, of pure UV origin and are completely removed by
the minimal UV subtraction.

4. One-loop results

The one-loop amplitude gets contributions from the factorizable one-loop diagrams (B.3)
and from counterterms,

My = MY+ MET (4.1)
The results for the loop diagrams are summarized in appendix [A.1. Here we discuss the
one-loop renormalization and list the final results for the renormalized one-loop amplitude.
As shown in ref. [[[f] the one-loop NLL corrections factorize, i.e. they can be expressed
through correction factors that multiply the Born amplitude. Moreover, they can be split
in a symmetric-electroweak part, an electromagnetic part, which in particular contains all
soft/collinear singularities associated with photons, and an Myz-dependent part that results
from the difference in the W- and Z-boson masses. This splitting permits to separate the
soft/collinear singularities resulting from photons in a gauge-invariant way and is very
important in view of the discussion of the two-loop contributions.

4.1 One-loop renormalization

As discussed in ref. [BJ], mass renormalization is not relevant in NLL approximation. Thus,
counterterm contributions result only from the renormalization of the electroweak gauge
couplings and the top-quark Yukawa coupling,

Gko =Gk + Y (Z‘—;)l 59, eg=e+ > (Z—;>l se, Mo=M+) (Z—;>15>\§07 (4.2)
=1 =1 =1

and from the renormalization constants associated with the wave functions of the external
fermions i = 1,...,n,

1S (0 540 .
7 H;( ) 62| (4.3)

All couplings are renormalized in the MS scheme, but we moreover subtract the UV sin-
gularities both in the bare and the counterterm contributions as explained in section [3.1.4].
The counterterm for the Yukawa coupling can be determined from the divergent parts of
the counterterms to g3, Mw and m; using tree-level relations. Assuming that the renor-
malization scale® ug is of the order of or larger than Myy, we find for the counterterms

2\ € 2\ €
5D NLL gk 1y 1) KQ_> _ 1} s el KQ_> _ 1} ,

2¢k 7 2¢ € 7
@ NL ALy [(Q%\°
ox) NS [(@ —1], (4.4)

4These are the one-loop diagram (@) with the gauge boson Vi replaced by a scalar boson and the
two-loop diagram @) with the gauge boson Vs replaced by a scalar boson.
5We do not identify the renormalization scale pur and the scale of dimensional regularization up.
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where the dependence on the factor (Q?/ur)€ is due to the normalization of the expansion
parameter «. in ({.), and the one-loop S-function coefficients in the electroweak Standard
Model (Yg = 1) are given by

AL 19 ey W 9 1T mp
DT P T T s Y TaE T 2 s

For later convenience we also define the QED (-function coeflicient, which is determined
by the light-fermion contributions only,

1 4 80
f#

where ch represents the colour factor, i.e. ch =1 for leptons and ch = 3 for quarks. The
renormalization of the mixing parameters ¢y and sy can be determined via (R.I9) from
the renormalization of the coupling constants.

The contribution of the counterterms ([4) can easily be absorbed into the Born
amplitude

Mo(Q%) = M (4.7)

9k=91(Q?), e=e(Q?), \e=A:(Q?)

() sl 2l )
() -} =runof-goom () roo} s
[&QE ﬂ:ﬁw@@agﬁl<i)%xﬁ

For practical applications one can use MS input parameters at the scale ur = My, or

via the running couplings

O

Q) gt {1 !

2,2y NLL 2, 2 Qe 4 (1)
Q%) = 1—
e (Q7) € (IUR){ 47Tbe

o I

N

<

A= = &
—_

ﬁ@>@%4>§——w’

A M

alternatively the on-shell input parameters a(Mz), Mz and My, or the G, input scheme.
These different schemes are based on input parameters at the electroweak scale and are
thus equivalent in NLL approximation. In the following we express all one- and two-loop
results in terms of the Born amplitude at the scale Q2. The notation MO(Q2) emphasizes
the fact that the Born amplitude implicitly depends on logarithms In(Q?/ :“12{) via the
running of the couplings.

In this setup, the only one-loop NLL counterterm contribution arises from the on-

(1)

shell wave-function renormalization constants 07, for the fermionic external legs. All
legs receive contributions from massive weak bosons, whereas the photonic contribution to
the counterterm for massless external fermions vanishes owing to a cancellation between

UV and mass singularities within dimensional regularization. The legs with top or bottom
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quarks additionally get Yukawa contributions. After subtraction of the UV poles we find

(1) NLL 1 v [ QF\° ArA Q*\°
S R ORI AC

V=2Z,W+ £

+z¥% [(%)—1” (4.9)

The Kronecker symbol ;¢ is defined in (R.15). Compared with the massless case two
extra terms appear, one related to the massive top quark in photonic diagrams and one

originating from the Yukawa couplings. The Yukawa factors 2 are obtained from
S GG =N (4.10)
®=H,x,¢*

and read
1, for left-handed third-generation quarks ¢; = t&, #& b, b&,
2¥ = { 2, for right-handed top quarks, ; = t&, R, (4.11)

0, otherwise.

Finally, the one-loop counterterm for a process with n external fermions in NLL approxi-
mation is obtained as

~CT __ 2 n} (1)
MS _MO(Q);zazi . (4.12)

4.2 Renormalized one-loop amplitude

Inserting the results from (A.5), (A.) and (.9)—(E12) into (1), we can write for the

renormalized one-loop matrix element for a process with n external fermions

My EY Mo(Q) [Fy™ + AF™ + AFY]. (4.13)
Here the corrections are split into a symmetric-electroweak (sew) part,
et Vv c M t Y
Flsew = —522 Z IZ Ij I(€7MWap27p]) - rego(mt)zzz ) (414)
=1 J;l V=AZW* =1
JFi

which is obtained by setting the masses of all gauge bosons, A,Z and W*, equal to My
everywhere, an electromagnetic (em) part

n n
AFP™ = —% >N A AL 05 i, py), (4.15)
=
resulting from the mass gap between the W boson and the massless photon, and an My-
dependent part

1 n n

AF? = -3 >N IZIZ Ale, My;pi,p;), (4.16)
=1 j=1
J#i
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describing the effect that results from the difference between Mw and My. The functions

AI(e,m;pi, pj) = I(e,m;pi,p;) — I(e, Mw;pi, pj), (4.17)

which are associated with the exchange of gauge bosons of mass m, describe the effect
resulting from the difference between m and Myy.
We have expressed the large logarithms in the Yukawa contribution

NLL 1 1

C(my) = Ly + §Lfe + éLi’ez + O(e%), (4.18)

which originates only from the counterterm ([L.9), through their natural scale my in
Ly = In(Q?/m?), while all the gauge-interaction contributions are written in terms of
L = In(Q? /M\%V) as usual. In order to build squared one-loop expressions to order €,
which enter the two-loop amplitude, we need to expand all one-loop terms up to order €.

For the functions I and Al we obtain

2 1 1 1
I(e, My pi,p;) "= —L% — §L3e - ZL%? + (3 —21) <L + §L26 + 6Li"’é) +O(%),

AlI(e, Mz;pi,pj) "2 Iy (2L 4 2L% + L*&?) + O(€Y),

1., 1 1
AI(e,0:pi,pj) "= (850 + 650) <—6_2+§L2+§L36+§L462> + (654654 <L6_1+L2

1 1
+ §L36 + 6L462> + |:2lZJ — g ((52'70 + (5]’,0) — 5i,t(1 + ll)

1 1
—de(1+ lj)] (e‘l + L+ §L26 + 6L3e2> + O(é%). (4.19)

Only the function AI(e,0;p;,pj), which incorporates the interactions with massless pho-
tons, depends on the fermion masses m; through the symbols d; o and J; ; defined in (R.13).
The functions I(e, Mw;pi,p;) and Al(e, Mz;p;,pj), which correspond to the exchange of
massive gauge bosons, are independent of the fermion masses and agree with the results
for massless fermions in ref. [BJ).

The functions I and Al are symmetric with respect to an exchange of the external
legs 4, j, and apart from the angular-dependent /;;-terms, the dependence on p; and p; can
be separated:

1
o 2 [I(ﬂm;l)iapz’) + I(eam;pj,pj)], (4.20)

[(Eumvphp])

where l;; = 1;; = 0 is understood. Under the sums over 4,5 in ({.13)—(£.16) we can replace
I(e,m;pj,pj) — I(€,m;p;, p;), use the charge-conservation identity (R.33) and write

n

= —My(Q%) Z[iv[i‘_/ I(e, My pi, pi),

ig=0 i=1

Mo@) Y31V 1Y 1(e, My pi, pj)
=1 j=1
FE

(4.21)

and similarly for AI. This relation turns out to be useful later.
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5. Two-loop results

The renormalized two-loop matrix element gets contributions from the factorizable two-
loop diagrams (B.4) and (B.17), from wave-function renormalization, and from parameter
renormalization,

My = ME + MP™ + MPF + MER. (5.1)

The results for the two-loop diagrams (B.4), which involve only gauge interactions, are
summarized in appendix [A.3. Here we first show that the Yukawa contribution of the
factorizable two-loop diagrams in (B.19) vanishes in NLL accuracy. Then we list the two-
loop renormalization contributions and finally combine the factorizable contributions from
two-loop diagrams with gauge interactions and the renormalization contributions into the
complete renormalized two-loop amplitude.

As discussed in section ], the NLL corrections factorize, i.e. they can be expressed
through correction factors that multiply the Born amplitude. Moreover, as we show, the
two-loop correction factors can be expressed entirely in terms of one-loop quantities.

5.1 Two-loop Yukawa contributions

As explained in section B.2.3, the only non-suppressed NLL contributions involving Yukawa
interactions, apart from counterterms, arise from the first three diagrams in (B.15),

% %

INEETD SN DD

i=1 =1 Vi=A,Z,W* &y=H,x,¢*

(5.2)

J
The evaluation of these three diagrams is presented in section [A.J. In NLL approximation

we find that, up to a minus sign, the integral functions associated with the three individual
diagrams equal each other, and combining all diagrams we get

n n _
My —6—12/\/1022 S Y DvMuimep) 16

i=1 =1 Vi=AZW* @y=H x.¢*
JF#
Do 7V1 V1 @2 @3 W1 =
X GZ [2 _[i Gz + Z Gz [<I>3<I>2 =0, (53)
‘133=H7X7¢i

where the result for the function Dy is given in ([A.53). Owing to global gauge invariance
the combination of gauge and Yukawa couplings in the curly brackets of (.J) vanishes [cf.
(2.39)], so the only two-loop NLL contributions from Yukawa interactions originate from

— 20 —



the wave-function counterterms discussed in section f.J. This observation confirms the
prediction of refs. [R4], RJ], where in soft-collinear effective theory at scales below @ scalar
particles contribute only via wave-function renormalization.

5.2 Two-loop renormalization

At two loops, the mass renormalization leads to non-suppressed logarithmic terms only
through the insertion of the one-loop mass counterterms in the one-loop logarithmic cor-
rections. However, these contributions are of NNLL order and can thus be neglected in
NLL approximation. In this approximation also the purely two-loop counterterms that
are associated with the renormalization of the external-fermion wave functions and the
couplings, i.e. (5ZZ-(2), 59122), de? and (5)\,22), do not contribute.

The only NLL two-loop counterterm contributions are those that result from the com-
bination of the one-loop amplitude with the one-loop counterterms 5ZZ-(1), 59121), de) and

5)\,21). The wave-function counterterms yield

- SN |
WF _ \F L, (1)
M = Mj E 2622 ) (5.4)

i=1

The unrenormalized one-loop amplitude le and the wave-function renormalization con-
stants (5ZZ-(1) are given in ([A.§) and ([L.9), respectively. In NLL approximation only the LL
part of ./\;lf contributes to (@) At this level of accuracy, the unrenormalized amplitude
./\;lf and the renormalized amplitude Ml ({13) are equal, and we can use ({.21) in or-
der to write ./\;lﬁ and 5ZZ-(1) such that all gauge-group generators [ ZV appear only in terms
of the Casimir operators ) _ AZWE Ii‘_/ IV and I JAI JA, which commute with each other.
This enables us to combine the counterterms MY'" (5-4) with the unrenormalized result
MY (A44) into the form presented in section .3

The remaining NLL two-loop counterterms result from the insertion of the one-loop
coupling-constant counterterms (f.4) in the one-loop amplitude (.13) and read

e L N(F) 1] @) Z{

Hr i=1

Y, 2
bi”g% <§> + bé”a%@-] I(e, Myy;pi, pi)
+0e?Q? Ale, o;pi,pi)}. (5.5)

Again only the LL parts of the one-loop amplitude contribute to ./\;lgR, SO () has been
used to arrive at the form (B.5), and the Yukawa terms in F{°" as well as the corresponding
counterterms 5)\151) are irrelevant.

5.3 Renormalized two-loop amplitude

Using the results of appendices [f] and [J, we find that the renormalized two-loop matrix
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element can be written as

~ 1 1
My ™ My (@?) {5 [F2 o PR AFE™ 4 FE AFE + 3 [AF™? + AFPAF™

INe Acgm}, (5.6)

in terms of the one-loop correction factors defined in ({.14)—(}.16) and the additional two-
loop terms

Sew 1 g E 2
G = 52 [bﬁl)g% <5> —|—bél)g%Ci] J(e, My, 112 i i)

=1

1 n
AGgm = 5 Z sz {bgl) [AJ(€7 07 N%{vplapl) - AJ(Ea 07 M\%vahpl)]
=1
+ b((Q%D AJ(e, O,M\%v;pi,pi)}- (5.7)

The two-loop functions J and AJ are defined in ([A.4§) through the one-loop functions I
and Al, so the entire two-loop amplitude is expressed in terms of one-loop quantities. The
relevant J-functions read explicitly

NLL 1
J(€7 MW7 /le%pwpl) = §L3 - l,U«RL2 + 0(6)7

AJ(e, 0, M\%\thpi) pts 4,0 <ge_3 +2Le 2 + L2e_1>
— 6t (Le? +2L% ! +2L%) + O(e),

AJ(Ea 07 ,Ul%upz:pz) - AJ(€7 07 M\%Vaplapl) NéL lMR {5i,0 |:_26_2 + e_l(luR - 2L)

1 _
+ 1 L — glfm} +6i¢ (2Lt +4L% - ZMRL)} +0(e), (5.8

where

1R
lMR =In <M—\%V> . (59)

Note that the terms G5 and AG$™ in (b.7) only involve NLLs.

In order to be able to express (b.6) in terms of the one-loop operators (f.14)-({.1d) it
is crucial that terms up to order €2 are included in the latter.

The coefficients bgl) and bg})ED describe the running of the electromagnetic coupling
above and below the electroweak scale, respectively. The former receives contributions
from all charged fermions and bosons, whereas the latter receives contributions only from
light fermions, i.e. all charged leptons and quarks apart from the top quark.
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The couplings that enter the one- and two-loop correction factors® are renormalized at
the general scale ur = My . The renormalization of the coupling constants g1, g2, e, and A
in the lowest-order matrix element M, (Q?) in ([£13) and (f.§) is discussed in section [L1].
The pr-dependence of M,(Q?) is implicitly defined by ([£§), and the dependence of the
one- and two-loop correction factors on ug is described by the terms (p.7). The contribu-
tions (p.7) originate from combinations of UV and mass singularities. We observe that the
term proportional to bgl) vanishes for ug = Myw. Instead, the terms proportional to bgl),
bgl), and bSI)ED cannot be eliminated through an appropriate choice of the renormalization
scale. This reflects the fact that such two-loop terms do not originate exclusively from the
running of the couplings in the one-loop amplitude.

Combining the Born amplitude with the one- and two-loop NLL corrections
we can write

M "EY M(Q?) P FE e, (5.10)
where we observe a factorization of the symmetric-electroweak contributions,

(07

ac\2 |1
Fsew NéL 1+_7:_Flsew+ (_5> |:§ (FlseW)2_|_G§ew , (511)

4 47

the terms resulting from the difference between Mw and My,
F2NEE Z—EAFE, (5.12)
T

and the electromagnetic terms resulting from the mass gap between the photon and the
W boson,

NLL

rem N 1+Z‘—€AFfm+(%
T

477>2 E (AFem)2 4 AGgm} . (5.13)

We also observe that the symmetric-electroweak and electromagnetic terms are consistent
with the exponentiated expressions

proew NLL [ O psew ( Qe )2 G;ow} 7

47 47
NLL Q. e\ 2
pem Nk Qe A pem (—) AGE™| . 14
exp [ o + T G5 } (5.14)

In particular, these two contributions exponentiate separately. This double-exponentiating
structure is indicated by the ordering of the non-commuting one-loop operators F7°" and
AFf™ in the interference term FPAFS™ in our result (5.6). The commutator of these
two operators yields a non-vanishing NLL two-loop contribution.

Note that the O(a?) LL contributions in (f.14) are entirely given by the exponentiation
of the one-loop term. On the other hand, at the NLL level the presence of the O(a?) terms

5These are the coupling « in the perturbative expansion (R.9) and the couplings g1, g2, e and \; that
appear explicitly in (), (E) and enter implicitly in ()7( ) through the dependence of the gener-

A

ators (R.1¢) on the couplings and the mixing parameters cw and sw.
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G5 and AGS™ in our result (p.14)) seems to spoil exponentiation. However, this is an
artifact of the fixed-order expansion of the argument of the exponential and must not be
interpreted as a breaking of exponentiation. This can easily be seen in the framework of
evolution equations, were the O(a?) terms in (F.14) naturally emerge from the running
of the coupling associated with the one-loop contribution. To illustrate this feature we
restrict ourselves to a gauge theory with a simple gauge group and consider a form factor.
In this case the structure of our result F*°V in (p.14) is easily obtained from the manifestly
exponentiated expression (15) in ref. [Bd],

Q2
f:FoeXp{/ d_a:[
M2 X

w

J S R ) +£<a<Msv>>] } .15

2 X
MW

The NLL approximation requires the one-loop values of the various anomalous dimensions
as well as the one-loop running of « in vy(a),

7(O[(x/)) NLL Mv(l) NLL Oé(,u%{) [1 _ Oé(ﬂlg—{)b(l) In <£>] 7(1)’

a7 a7 A7 u%
Clafa) M QR0 aqargy) L 2R (5.16)

Inserting these expressions in (p.1) one obtains

2 1)
FML R exp{—a('uR) [LB + (¢ 46 L]
47 2

2
(BN Ay (Ls s
( = 0 (315~ 1, I2) (5.17)

and one can easily verify that the two-loop term appearing in the argument of the expo-
nential, i.e. the term proportional to the S-function coefficient b(!), corresponds to the term
G5 in our result.

The one- and two-loop corrections ([.13)—(f.14) and (5.6)-(F.7) contain various combi-
nations of weak-isospin matrices IZ-V , which are in general non-commuting and non-diagonal.
These matrices have to be applied to the Born amplitude MO(QQ) according to the def-
inition (R:31). In order to express the results in a form which is more easily applicable
to a specific process, it is useful to split the integrals I(e, My ;p;, p;) and Al(e, My;pi, pj)
in ({.14)-(§.16) into an angular-dependent part involving logarithms /;; and an angular-
independent part. This permits to eliminate the sum over j for the angular-independent
parts of ([.14)([16) using (f.21)). One can easily see that the angular-independent part
of ({.14)) gives rise to the Casimir operator (R.1§). After these simplifications, all operators
that are associated with the angular-independent parts can be replaced by the correspond-
ing eigenvalues, and the one- and two-loop results can be written as

NLL Sew em
M =T M (Q3?) f5 f2 fem, (5.18)
where the electromagnetic terms read
em NLL Qe em ac\?2 (1 em2 em
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with
N NLLG: 50 2yt L T s (et 2y e Ll
=1 ; 2 3 8 " 2 0

2 2

- 1 1 n n
- <e Yy L+ §L2e + 6L362> > lijaigs + O(€¥),

i=1 j=1
J#i

_ 1 1
8i0 <—e 2_ (L— 5%) e+ §ZMRL 613R>

3 1
3,0 <Z€_3 +Le 2+ §L26_1>

1 1
- Fé;o + e (1+ lz):| <6_1 + L+ §L26 + 6L362> } g

em NLL o
Agy™ = Z{ZMR

i=1

bt +

e

1
+ ;¢ <Le_1 +2L% — 5l,mL>

— 5i,t< Le 24+ L% ‘1+L3>

bgzm}qz +0(e). (5.20)

For the term resulting from the difference between Mw and My we get

FENE gy —Afl (5.21)
with
7 NLL 9 1 39 (92 3 91 Vi) 3
Afi <L + L%e + §L € ) lz ZZ:; (;cwti - :Swg) + O(€), (5.22)
and the symmetric-electroweak contributions yield
sew NLL sew Qe 211 sew Sew
f L+ A+ () b( )+ g5 ] (5.23)
with
sew NLL Lo 1.3 Loyo 3 3 9 [ - 9%(% 92
LY ) R 5 Py 0 L ) 2 § CARY (R )
fi (2 TRty T 46462_362 2)+
Lt ipreqlpe) - A L L O(e
+ + Sle + 6 € 1 T2 t + zLlie+ = Zz +
sew NLL (1 1 ~[ g (vi\? 195
g = <6L3 - 5zuRL2> 3 [bg % (5) +05) Bei| +0(0). (5.24)

In the above equations /,,; = In (,u%{ /M\%V), and ¢;, t? , Yi, q; represent the eigenvalues of the
operators Cj, Tf’, Y;, and @, respectively.

The only matrix-valued expression is the angular-dependent part of the symmetric-
electroweak contribution f§*¥ in (5.29),

ic?dzzn:zn:zij S (5.25)

i=1J=1  V=AZW%*
G
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The two-loop corrections involve terms proportional to ICEfd and [lCi’“dP. However, the
latter are of NNLL order and thus negligible in NLL approximation. The combination of
the matrix (p.25) with the Born amplitude,

Q2 ,Cad Zzlw Z M@I o IS‘;SOZI%‘O/JSDJ

i=1 =1 V=AZWH=*

J#i

n o n 2
— ZZ%’ {MO‘Pl---‘Pi-~~SDj---<Pn {9_; YiYj i 92 t?’t?’]

i=1 j=1 s 4

i

P1py e 7
+ Zi M, Y %I%%} (5.26)
V=W

requires the evaluation of matrix elements involving SU(2)-transformed external fermions
w5, 30;-, i.e. isospin partners of the fermions ¢;, ¢;. Explicit results for four-particle processes
are presented in appendix [D.

6. Discussion and conclusion

We have studied the asymptotic high-energy behaviour of virtual electroweak corrections
to arbitrary fermionic processes in the Standard Model. The present analysis extends
results previously obtained for massless fermion scattering [BZ to processes that involve
also bottom and top quarks. By explicit evaluation of all relevant Feynman diagrams, we
have derived a general formula that describes one- and two-loop logarithmic contributions
of the form In(Q?/M%/). Such logarithmic terms — which dominate the electroweak
corrections at TeV colliders — originate from ultraviolet and mass (soft/collinear)
singularities in the asymptotic regime where all kinematical invariants are at an energy
scale Q% > M%v All masses of the heavy particles have been assumed to be of the same
order My ~ My ~ Myg ~ my but not equal, and all light fermions — including bottom
quarks — have been treated as massless particles. We have included all leading (LLs) and
next-to-leading (NLLs) logarithms.

The calculation has been performed in the complete spontaneously broken electroweak
Standard Model using the 't Hooft-Feynman gauge. The fermionic wave functions are renor-
malized on shell, and coupling-constant renormalization is performed in the MS scheme,
but can be generalized easily. Employing the method developed in ref. B, we have re-
duced all NLL contributions to factorizable diagrams. In this way the process-dependent
part of the calculation is isolated in a generic tree-level amplitude, which is multiplied by
process-independent factors consisting of loop integrals and gauge and Yukawa couplings.
Technically this is achieved by means of collinear Ward identities and a soft-collinear ap-
proximation. All relevant contributions originating from ultraviolet singularities are con-
sistently taken into account in every step of the calculation. In particular, as discussed
in section B.1.4, the logarithms of ultraviolet origin are isolated in a few bare diagrams
[see (B.7) and (B.1§)] and counterterms (see sections [L.1 and f.J) by means of minimal
subtractions of the ultraviolet singularities and an appropriate choice of the subtraction

— 26 —



scale. While the ultraviolet logarithms associated with the renormalization of the cou-
pling parameters in the factorized tree-level amplitude are easily absorbed into running
couplings, the process-independent correction factors receive additional contributions of
ultraviolet origin which result from the bare two-loop diagrams of type (B.7), the wave-
function renormalization [see (f.19) and (f.4)], and the renormalization of the couplings in
the soft-collinear corrections [see (p.H)].

Since the NLL electroweak corrections originate only from the electroweak interactions
of the external legs, our general results for n-fermion processes are also applicable to
processes involving external fermions and gluons and, more generally, to hard reactions
that involve n fermions plus an arbitrary number of SU(2) x U(1) singlets as external
particles. Additional legs associated with external electroweak singlets can only enter the
hard part (F) of the factorizable diagrams (B.3), (B.4) and (B.15). This modifies only the
process-dependent hard amplitude Mg, which is always factorized in our derivations, while
the NLL correction factors receive contributions only from fermionic external legs and do
not depend on additional external singlets.

All two-loop integrals have been solved by two independent methods in NLL approx-
imation. One makes use of sector decomposition, the other uses the strategy of regions.
Explicit results have been given for all contributing factorizable Feynman diagrams.

The presence of soft/collinear singularities originating from virtual photons and their
interplay, at two loops, with logarithmic corrections resulting from massive particles is one
of the most delicate aspects of the problem. In order to isolate the finite In(Q?/M3,) terms
in a meaningful way, one has to separate the photonic divergences in a gauge-invariant
contribution that can be cancelled against real-photon corrections. To this end, we have
split the corrections into a finite symmetric-electroweak part, which is constructed by set-
ting the masses of all gauge bosons equal to My, and remaining subtracted parts, which
describe the effects resulting from the -W and Z-W mass differences. By combining all
one- and two-loop diagrams we found that these three contributions factorize as described
in (F.I0)—(F-13): the term associated with the v-W mass splitting (F°™) depends only on
the masses and charges of the external fermions and behaves as a pure QED correction
subtracted at photon mass M4 = Myy. The term resulting from the Z-W splitting (F?%)
is proportional to ln(M% /M%V) and depends only on the external-leg Z-boson couplings.
Finally, the contribution constructed by setting M4 = Mz = My in all loop diagrams
(F*%) turns out to be independent of symmetry-breaking effects such as mixing or cou-
plings proportional to the vacuum expectation value. This contribution, which contains
only finite In(Q?/M%,) terms, behaves as in a symmetric SU(2) x U(1) theory where mass
singularities are regularized by a common mass parameter. Moreover we find that the
electromagnetic and the symmetric-electroweak parts exponentiate as described in (p.14):
the corresponding two-loop contributions can be written as the second-order terms of ex-
ponentials of the one-loop contributions plus additional terms that are proportional to the
one-loop (-function coefficients.

These results agree with the resummations that have been proposed in the literature
and confirm — for fermion scattering processes — the assumption that the asymptotic
high-energy behaviour of electroweak interactions at two loops can be described by a sym-

— 27 —



metric and unmixed SU(2) x U(1) theory matched with QED at the electroweak scale.
Indeed, apart from the terms involving In(MZ/Mg;), in the final result we observe a can-
cellation of all effects associated with symmetry breaking. We have explicitly checked that,
upon separation of the QED singularities, our results are consistent with the predictions
of ref. [[9) and refs. 24, PJ.

As an application of our results for general n-fermion processes, we present
in appendix ) explicit expressions for the case of four-particle processes involving four
fermions or two fermions and two gluons. In general, our process-independent results can
be applied to any reaction with external fermions and gluons as long as all kinematical
invariants are large. We plan to extend these results to processes involving external gauge
bosons and Higgs bosons.
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A. Loop integrals of factorizable contributions

In this appendix, we present explicit results for the loop integrals of the one- and two-
loop factorizable contributions defined in section B.1.J and the Yukawa contributions
in section B.2.3. These are evaluated within the 't Hooft-Feynman gauge, where the
masses of the Faddeev-Popov ghosts u?, u? ,uWi and would-be Goldstone bosons Yy, ¢=
read Mya = Ma =0, My, = M,z = Mz, and My+ = M,w = Myy. Using the soft-collinear
approximation and the projectors introduced in sections and B.2.9, we express the
factorizable contributions resulting from individual diagrams as products of the n-fermion
Born amplitude with matrix-valued coupling factors and loop integrals.

The loop integrals associated with the various diagrams are denoted with symbols of the
type Dp(ma, ..., my; i, pj, - ..). The definition of these integrals is provided in appendix B.

They depend on various internal masses mi,ma,... and, through the external momenta
2 _

Pi,Pjs - - -, on the kinematical invariants r;; and the masses m; = p?. The symbols my,
are always used to denote generic mass parameters, which can assume the values my =
My, Mz, my, My or my = 0. Instead we use the symbols M}, to denote non-zero masses,
i.e. My = My, Mz, m¢, My. The integrals are often singular when certain mass parameters
tend to zero, and the cases where such parameters are zero or non-zero need to be treated

separately. We also define subtracted functions
ADh(ml, ey M Py - - ) = Dh(ml, ey M Piy - - ) — Dh(Mw, ‘e ,Mw;pi, .o .), (Al)

where the integral with all internal mass parameters equal to Myy is subtracted.
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The integrals have been computed in NLL accuracy, and the result is expanded in € up
to O(e?) at one loop and O(€”) at two loops. The UV poles have been eliminated by means
of a minimal subtraction as explained in section such that the presented results are
UV finite. The integrals have been evaluated separately for all physical combinations of
gauge-boson and fermion masses on internal and external lines. All loop integrals have
been solved and cross-checked using two independent methods: an automatized algorithm
based on the sector-decomposition technique [BJ and the method of expansion by regions
combined with Mellin-Barnes representations (see ref. [Bl] and references therein).

The one-loop diagrams are treated in section [A.1], the two-loop diagrams involv-
ing gauge interactions in section [A.2, and the diagrams involving Yukawa interactions

in section [A.3.

A.1 One-loop diagrams

The one-loop factorizable contributions (B-3) originate only from one type of diagram,’

M7 = v = =My Y I Do(Myy;pipy). (A.2)
Vi=A,ZW*

In NLL accuracy, the representations of the generators IZ-V ! and I]‘-/l correspond to the
chiralities given by the spinors of the external particles i and j, respectively. The loop
integral Dy is defined in (B.§) and to NLL accuracy yields
NLL 2 2.3 Loy 9 Loy [
D(](Ml;pi,pj) = —L*“— gL € — ZL € —|—(4—2l2]) L+ §L €+6L €
+ 14 (2L + 2L% + L?¢%)
1 1

LE_l + 5[42 + 6[436

NLL _ _ _
Do(0;pi,p;) = 25t — (810 + 6j0) (€72 +2¢71) + {52',1;

1 _ 1 1
+ ﬁL”‘ez—lie Ly@—-1) <L+§L2€—|—6L362>

where the UV singularities
NLL , _
DgV (ma;pipj) = de! (A.4)

have been subtracted. The shorthands L,[;,l;;,0;+,0;0 are defined in section @
Summing over all external legs, we find for the factorizable one-loop contributions (B.3)

MEE My [P+ AFP™ + AR (A.5)

"The Il-loop diagrams depicted in this appendix are understood without factors (e /47r)l.
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with

n n
F sew 1 Vv )
]—7’1 sew _ —5 E E E Iz Ij DO(MW7pi7pj)7
i=1 j_;l_ V=A,Z W+
VE)

1 o=

i=1 j=1
i

1 n n

F.Z

AR = —52211-25'2 ADo(Mz; pi, pj), (A.6)
=¥

and ADq(m;p;,p;) defined in (AT]).

A.2 Two-loop diagrams involving gauge interactions

The two-loop NLL factorizable terms (B.4) involve fourteen different types of diagrams.
The diagrams 1-3, 12 and 14 in this section give rise to LLs and NLLs, whereas all other
diagrams yield only NLLs.

Diagram 1.

MY = v E My YD PR Dy (M, My, pi,pg), (AT)
Vi, Va=A,Z W=
J
where the loop integral Dy is defined in (B.g) and yields

NLL 1 2
D1 (My,ma;pi,p;) = 6L4 —3 (2 —lij +1;) L?,

4
D1(0, My; piyp;) "= (650 + 65.0) [L2e_2 + gL3e—1 + LY — 1y (2Le ™ + 4L% ! + 4L7)

2
— (4 —2l;) <Le—2 + L2 4 gL3>

23
+ {5i,t [—L3€_1 — EL4 + (4 — 3lij + 205 + ll) L% !

20 17 16 7
+ <— - gl gt zi> L’

3 3
NLL —4 -3 L 4 2. 3 1.5 5
D1(0,0;pi,pj) = 850650 [e7F 4 (4 —2i5) €% + 4 it 3¢~ gLE - gL €

1 1 4 4 2
__L3 —1__L4 ___li' _li -3

9" Ty T <3 gl T3l ) e

2 1 1

- (4 - l,’j - lz) <§L6_2 + §L26_1 + §L3> + (Z Ad j)}
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1
+6;4054 [ 2077 + §0L3e‘1 + ;L‘* + Al Le? + (8 4 6l;;) L2

40 22
-l-(—0+—lij>L3—(l,~+lj)(2Le_2+5L26_1+7L3) . (A8)

3 3

Here the UV singularities

DYV (My, i pg) " —ar?e - 212,

2
DYV (0, ma; piy pj) L (610 +3j0) €2+ (856 + ) <4Le_2 +2L% ' 4+ §L3>

(A.9)
have been subtracted.
Diagram 2.
i
M2 = v My ST 1PIN Dy (My,, My, pi,py) . (A10)

Vi, Va=A,Z W=
J
where the loop integral Do is defined in (B.6). This integral is free of UV singularities and
yields

NLL 1 2
Do(My, Ma;ps,pj) = §L4 3 (4 =2l + 1 +12) LP,

9 5
D5 (0, My; pi, pj) "= 650 [—§L3e—1 - 6L4 +(4—20y) (L + 17)
1
+1y <2L2e_1+§OL3>

Do(My,0;pi,p5) = Do(0, My;pj,p:),

2 8 2
Sig|= Lt — (4—=ljj+20+=1; | L3
Tou3 ( gt 2+3> ]

1 1 1
Ds(0,0;pi, ;) "= 650050 €7+ (4= 2i) €] + {@-,@70 [66—4 — —Le 3+ - L%2

4 5 1 2
L3t LA (220 + 1) | se 3 — SLe?
+olleT g + ( ;i + )<36 gLe

+<§+§lij—§li>L€ +<§+§lij—§li>[/ —|—(Z<—>])}
4 3 —1 7 4 2 -1 16 20 3
2 —1 14 3
+ (L + 1) (2L + T L7 ). (A.11)
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Diagram 3.

i — Vi
2 v,
J
NLL . Vo 1V 1V
= _lg_ezMO Z 5V1V2V3]7;V2[Z'V1]]"/3D3(MV17MVQ?MV3;pi7pj)7 (A12)
Vi,Vo,Va=A,Z,W*
where the e-tensor is defined in ref. [BZ] [see also (R.17)]. The loop integral D3 is defined
in (B.4) and yields

NLL 1 2 1 1
D3(My,mg, M3;p;,pj) = 6L4 - <3 - glij + gll + §l3> L?,

1 1
nLL [ LY+ (2l +13) L2 + (5 — 1

1 11 4 1
Lt - <— — i+l + —l~> L3],

5
D3(0, My, M3;p;,p;) = 60| —=L3¢ ! — =
3(0, Mo, M3; p;, py) o| -zl 1

+ §13>L?’

;
3 + it

3 3 3 3"

—1L3€_1 _ 3[]4
3 12

NLL _ 9 9 1, 7
D3(M1,M2,0;pi,pj) = —30;,0L¢ 2 + 0t <§L2E 1y §L3> + 5j,0

2
— 3L€_2 — (2 + lij — ll) L2€_1 + <§ — lij + gh) L3

+ 34 %L”‘ + gLQE_l + (g - %lij . %g) L*|, (A.13)
where the UV singularities
DYV (1, ma, Ma; pi,p;) "= —3L% ' —2L°,
DYV (m1,ma,0;p;,pj) LI (610 +850) €3+ (81 + i) <3Le_2 + gLQe_l + %L3>
(A.14)
have been subtracted.
Diagram 4.
Va i
MBI = v oMy ST PRI Dy(My,, My pi,pj),
) Vi,Vo=A,Z,W* (A15)

where the loop integral Dy is defined in (B.f) and yields

NLL 1
Dy(My,ma; pi,p;) = §L3,
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2 1
D4(0, Mg;pi,pj) NéL (5@0 + 5]'70) <L6_2 + L26_1 + §L3> — §6i,t (L26_1 + Lg)
3 o _ 17
— 04 <§L26 1+€L3> 7
3

b}
—04,005,0 €3+ 9i,495,0 <€_3 +3Le 2+ §L25_1 + _L2>

NLL
) 2

D4(0707plvpj

2 -3 1 -2 1 2 _—1 1 3
+ 5i,05j,t <—§€ + gLE + EL € + 1_8L

— 8404 <2Le_2 +8L% ! + ?;—8L3> : (A.16)

Here the UV singularities

NLL _ 2
DEV(Mlym%pi)pj) = L2€ 1+§L37

1 1
DIV(0, ma; pispy) "= (Si0+ Gj0) €3 — (8ig + 654) <L6-2 + §L26—1 + 6L3> (A.17)

have been subtracted.

Diagram 4 and the following diagram 5 are the only cases where fermion masses in the
numerator of the fermion line ¢ contribute to the result in NLL accuracy. In principle, these
fermion-mass terms contribute with generators IZ-V and IAZV , belonging to representations
with different chiralities [see (R.29)]. But we found that this happens only in the case when
both gauge bosons Vi and Va2 are photons, such that IAZA = IZA. Thus all contributions
to (A1) and (A-1§) can be expressed in terms of the operators 1), I jV , which belong to
the representations associated with the chiralities &;, x; of the external fermions.

Diagram 5.

Va

MS’U = Vi MO Z IZVQIZ'VEIZ'VQI;/&D5(MV17MVz;pivpj)7

Wi, Va=A,Z W+
; n (A.18)

where the loop integral Ds is defined in ([B.f)) and to NLL accuracy is given by Dy, up to
a minus sign:

NLL
Ds(mi,ma;pi,pj) = —Da(ma, ma;pi, pj)- (A.19)

Note that this relation only holds if the fermion-mass terms in the numerator along the
line 7 are correctly taken into account.
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Diagrams 6.

%] V1
MY = et i rut
\Z! \Z!
J J
1 o o
NéL 5.2—3/\/10 Z IZVII]V4 €V1V2V3€V4VZV3 D6(MV17MngMV37MV4;pi7pj)7
Vi,Va, V3, Va=A,Z, W=+ (A.QU)
where the loop integral Dg is defined in (B.f) and yields
~NLL 20
Dg(My,ma,m3, My;pi, pj) = §L3,
20 M2 + M? 8
Dg(0, My, Ms, My; pi,p;) "= §L3 + % (8:.0+0;.0) <—8Le‘2—4L26_1+§L3>
4

+ (0ip + 0j,0) (8L%e ! + 12L7)

)

DG(Mla M27 M37 Oaplap]) - D6(07 M27 M37 Mlaplup])7

D (0, Mo, Ma, 05 p;,pj) "= (8i0 + 650) (1—3%6—2 + §L26_1>
— (8¢ + 0j1) (%L%‘l + %L?’) : (A.21)
Here the UV singularities
DgV(Ml,mg,mg,M4;pi,pj) NLL 1—30L26_1 + %OL?’,
DV (0,mz, ms, My; ps, pj) "2 1—??1326‘1 + 2—90L3 + % (850 + 65,0) <—8€_3
4

8
+4L% !+ gL3> + (8t + 0j¢) (8Le™? + 8L%e ™! + 4L7)

9

DgV(Mlam27m37O;pi7pj) = ng(07m27m37 Mlvplup])u

10 _
D¢V (0,m2, m3,0; pi, p;) AL 3 (6i0 +5j0) € °
10 5 5
— (0i + 0j0) <§Le‘2 - §L26_1 + §L3> (A.22)

have been subtracted. We observe that the loop integrals associated with A—Z mixing-
energy subdiagrams give rise to the contributions

NLL M3
ADg(0, My, My, Mz; pi,pj) "= —W

M3 3

(6i,0 + 65,0) <—8Le—2 A% §L3>

+ (8is + 050) (8L%e ! + 12L3)] , (A.23)
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which depend linearly on the ratio M\%v /M% Similar terms appear also in diagrams 7, 8, 9,
and 10. These terms cancel when adding all contributions owing to relations between these
integrals (see appendix [J), which hold also in the presence of massive external fermions.

Diagram 7.
i
~7.ij Vl NLL g3 VIR 55
szl] — : Vo = _e_gMO Z Ilvlj']VS Z EV1V2V€V3V2V
s Vi Vo, Va—m A, ZWE V=AZW*
J
X (D - 1)D7(MV17MV27 MV3;pi7pj)7 (A24)

where D = 4 — 2¢. The loop integral Dy is defined in (B.§) and yields

NLL

Dr7(My, mg, M3;p;,pj) =0,
NLL M? _ 1 . 1
D+(0, My, M3;p;,pj) = Mzg (03,0 + J5,0) <—L€ 2 §L26 L4+ §L3>
3

3
+ (6i,t + 5j7t) <L26_1 + §L3>] N
Dr7(My, Ms, 0;pi, pj) = Dz(0, M2, My;pi, pj),
NLL
D7(07M270ap27pj) = 07 (A25)

where the UV singularities

M?2 1 1
DEV(Oy Ma, M3;piapj) NéL —22 (57;7() + 6]',0) <—e_3 + ZL2eL + _L3>
M; 2 3
1
+ (0ie + dj1) <Le_2 + L% 4 §L3>] ,
DY (Mi, My, 05p;,pj) = D7V(0, Mz, Mi;pi, p;) (A.26)

have been subtracted.

Diagram 8.

~8,ij _ NLL o 9 Vi Vi Vi gV
M = R D D 0 O {Il,[S}H%
V1,V3,Vu=A,Z,W+ Do=H,x,¢*
X {IV37IV4}<I>2H D8(MV17MCI>27MV37MV4;pi7pj)7 (A27)

where the curly brackets denote anticommutators and v is the vacuum expectation value.
The loop integral Dg is defined in (B.g) and yields

NLL
M\%VDg(Ml,Mz,mg,M4;pupj) = 0,
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NoL 1
Dg(0, My, M3, My;pi,pj) = —5
V7. 3

1 1
((52 0o+ 50) —L6_2 — —L26_1 + —L3
I ]7 2

+ (5i,t + 6j,t) <L26_1 + gL?))] s

D8(M17M27M370;pi7pj) = D8(07M27 M37 M17pl7p])7

NLL
M3 Ds(0, My, M3,0;pi,pj) = 0. (A.28)
Here the UV singularities
uv nLL 1 3, Lo 1 1.3
Dg (0,M2,M3,M4;pi,pj) = a2 (5i,0+6j,0) —€ +—L € +—L
M 2 3
-2 9 -1, 1.3
+ (6i,t + 6j,t) <L€ + L%e + §L )] N
D}SJV(MlaM27M370;piapj) = ng(07M27M37M1;pi7pj) (A29)
have been subtracted.
Diagram 9.
i
\%1 1
~9ij EAAN NLL Vi Vi V; Vi
My = T I DR 0 ' SR P9 5P
Vi, Va=A,Z,W* o, P3=H,x,¢pF
J
X DQ(MVUM¢27M¢37MV4;pivpj)7 (A30)

where the loop integral Dy is defined in (B.f) and yields

NLL 2
Do (M, Mo, M3, My; pi,pj) = §L3,
NLL 2 M2+ M2 _ _ 2
Dy(0, Mo, M3, My;p;,pj) = §L3 % (03,0 + 05,0) <2L€ 2+ L% 1—§L3>
i

— (634 + 0j¢) (2L% 7 + 3LP)

)

Dg(Mla M27 M37 Oapwp]) = D9(07 M27 M37 Mlvplup])u

1 1
D0, My, M, 0:pi.p;) "= (80 + d0) <§Le-2 + 6L26-1>

1 7
— (0ix + 051 <§L2e—1 + EL3> : (A.31)

Here the UV singularities

NLL 1.9 4 2
DEV(M17M27M37M4;pi7pj) = §L26 1+§L37
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1 2 M2 + M2
DYV (0, My, My, My; pr,py) 2 212t 4 23 ¢ 22T

Si0+0:0) 2673 — L2
3 9 oM (’°+]’°)<6 ¢

2
- §L3> — (80 +0;4) (2Le 242021+ L),

DV (M, Ma, Ms,0;p;,p;) = D§V (0, Ma, M3, My;p;,p;),

NLL 1 _
DY (0, Mo, My, 0;pi, pj) "= 5 (90 +dj0) €
— (83 + 0j1) peryplppen Lps (A.32)
Lt TR 3 6 18 '

have been subtracted.

Diagram 10.

~10,ij NLL 1 ViV Vi gV
Mo N N _§MO Z I; lljg Z {I NI 3}‘192‘1’2
V17V3:A7Z7Wi (1)2:H7X7¢i
x Dio(Myy, Mg, , Myy; pi,pj), (A.33)
where
DlO = D7. (A34)

Diagram 11. For the diagrams involving fermionic self-energy subdiagrams we consider
the contributions of a generic fermionic doublet ¥ with components ¥; = u,d. The sum
over the three generations of leptons and quarks is denoted by )y, and colour factors are
implicitly understood. Assuming that all down-type fermions are massless, mg = 0, and
that the masses of up-type fermions are m, = 0 or m¢, we have

>y

Vi, Vu=A,Z W=

X Z{ Z Z I\‘I//}”" pr I\‘I//i \1/’?3 Dll,O(MVpmigamigyMVAL;pivpj)
)4

i3 "~ 19 i9 1
\IliQ,\Ili?):u,d R:RJ_J

ulul T uRy

- (IXIE{URIXfuL—i_IVl IV4 R)m%LDll,m(MVpmuamuyMVAL;pivpj)}? (A35)

where Diy,, = —4Dg represents the contribution associated with the m,-terms in the
numerator of the up-type fermion propagators of the loop insertion, whereas the integral
Dy1, which is defined in (B.6), accounts for the remaining contributions. This latter
integral yields

NLL 8
Dll’O(Ml’m2’m37M4;pi7pj) - §L37
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NLL 8 5 m3+m}
D11,0(0,ma,m3, My;ps,pj) = —L°+ ——5—=
9 2M?

(0i,0 +d50) <4Le_2 +92L2% 1 - %L?’)

— (5i,t + 6j,t) (4L26_1 + 6L3)

)

Di1,o(My,ma,m3,0;p5,p5) = Di1,0(0,ma, ms, Mi;pi, pj),
NLL 4 2 _
D1170(O7 M27 M3707p27p]) = (52'70 + 6_7',0) <§L€ 2 + §L26 1>

4 14
— (5i,t + 5j7t) (—L26_1 + —L3> ,

3 9
2 2
D110(0,0,0,05p,pj) "= = (810 + 810 € + (3 + 650) <§Le—2 - §L3> . (A.36)
where the UV singularities
uv NLL 4.9 1 8.3
Dyy'o(My, ma, m3, My; pi,pj) "= §L €+ §L )
4 8 2 2
D}Jl\fo((),mg,mg, My;pi,p;) ALY §L2€_1 + §L3 + %4:13 (00 + d50) <46_3 —2L2%!
4
- §L3> (814 +0j0)ALe 2 +4L% et +2L%)|,
D}Jl\fO(Mh ma,ms, Oaplap]) = D}Jl\,/()(o7 ma,ms, M17p27p])7
NLL 4 _
D%5(0,m2,m3,0;p5,p;) = 3 (650 + 6j0) €®
4 2 2
- (6i,t + 5j7t) <§L€_2 + §L26_1 + §L3> (A37)

have been subtracted. As a consequence of

2 2
NLL M5+ m
VL 2 3AD

AD11,0(07m27m37M4;pi7pj) - T 11,m(07m27m37M4;pi7pj)7
NLL m% + m%
AD11,0(My,m2,m3,0;p;,pj) = TADll,m(Mhm27m370§pi7pj)7 (A.38)
all terms proportional to the fermion masses in ./\;lél’ij cancel.
Diagram 12.
J
~12,ijk . i NLL Vo Vi pVA Vi
M2 UE = Ve 2 = M(] Z IZ ZIZ'1Ij1Ik2D12(MV17MVQ;piapjypk)y
Vi, Va=A,Z,W =+
k o (A.39)

where the loop integral Dio is defined in (B.q) and yields

NLL 1 4 2
Dio(My, Ma;pi,pj,pr) = §L4 - <4 — 2 + 511 + §l2> L3,
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NLL — - 7
1312(07 Mz;pi,pj,pk) = (52',0 + (5j70) [L26 2 + 3! -+ EL4

1
— (2=lyp) (2Le 2+ L2 ' +2L3) —1y 2Le_2+3L26_1+ZL3
3 3

2 5 2 5 5
Sit|—=L2¢ ' — S04 4+ (2 =2y + 1o + ;) L2 S i+ =y + =1 ) LB
+ 0it 3 € 5 +( k—i—z—i—) e+ 3 k+32+3
4 3 —1 7 4 2 —1
+ 04 —gLe —gL + (6 — 2l — 205 + 3la + ;) L7¢
26 14 7
2 — =l + Tl 4+ 21 ) LB
+<3 k 3 J+ 2+3]> ]

231 §L4 + (2 = lix) <2L26_1 + §L3>

NLL
Dio(My,0;:pi,pj,pk) = 5k,0[—§
16 1 2
§L4— <—6 ——Olik+§ll+—lk> L3] ,

5
+ortlg 3 3 3173

+1 <2L26_1+§L3>

NLL N _
D12(0,0;pi,pj, pk) = i,05j,0{5k,0 (274 + (8 — dlyy) €77

2 4 2 2 1 4
et CLed -2 -3 - EL4 +3 (2 — 2l + 1)

3 3 3 9

4 2 2
— (4 — 1. — ZL -2 _L2 -1 _L3
( Li — Ix) (3 € +3 € +9

+ 5k,t 6_3

1 1 1
+ 5i7t5j70{5k70 [55—4 — Le 3+ §L36_1 + ZL4 + (2 =2 + 1) e — (4 —2l;,) Le 2

+ (L — L) L2t + (% + élik - li) L3]

1 11 1 1
T Y §L36_1 — EL4 - (z,-k - §zi - §zk> €3 — (4—2ly,) Le?
4 2
— (g, — 1) L2t — (= 4+ 31y, — 3l; — =1 ) LP
3 3
4 2 1 1 1 16 4
+ 5i,05j,t{5k,0 [56_4 — §L€_3 — §L26_2 — §L3€_1 — %LZL + (g — 2l — glw
2 -3 4 2 1 2 r2-1, L3
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Toki|g 3% 3 67" 6

1 1 1 1 1
et Le? 4 §L3e‘1 + ZL4 + (2 - §l-k — L+ =+ §lk) e

4 2 11 L, 1 _
— (4 — 3l =3l + 34 - gzk> Le 2 — 3 (Lig — 4l + 215 + 1) L*e ™

4 7. 10, 5, 4\ .4
+(5‘5“”5%‘5@‘5“)4}

1 1
+ 5i,t5j,t{5k,0 [—LE_3 + L26_2 + 2L3€_1 + oLt — <l2] — §l2 — §l]> 6_3

— (4 — 4l + 20;) Le > + (4 + 2 + 205 — 5l; — 1;) L™t

2 10, 19, 5\ 4

7
+ 0k |20 2 + 203 + 6L4 + (g, 4 205 — 2l — 1 — 1) Le 2

14
+ (82 +4l;; — 3l — 21—l LPe T+ <8—4zik+§zij—gzi—gzj> L3]}.
(A.40)

Here the UV singularities

NLL _ 8
D}J2V(M17m2;pi7pjvpk) = —4L2€ L_ §L37

2
DY (0, ma; piy vy, Pk Ny (6.0 + 0;0) €2 + (85 + 0j1) <4Le—2 +2L% ! + gL3>
(A.41)

have been subtracted. While the above diagram, to NLL accuracy, does not depend on r;;

and rj;, for p? = 0, a dependency on r;; is introduced for p? =m?.

Diagram 13.

-~ 1] NLL .92 Vi Vo V-
Méi’m]k _ L. —19—./\/(0 Z €V1V2V3[2/1[;/2[X3

V1,V2,V3=A,Z W+

X Dig(My, , Myy, My piy Dy D) (A.42)

where the loop integral Di3 is defined in (B.6)). This integral is free of UV singularities
and yields

NLL
Dq3(My, My, M3;pi,pj,pe) = 0,

NLL _ 5 2
Di3(0, M2, Ms;pi,pj,pr) = (Lij — lix) [52',0 <L26 1+ §L3> ~3 i,tL3:|
1

+ 30 (lo —I3) L,
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Di3(My,0, Ms;pi,pj,pr) = Di3(0, M3, M1;pj, pk,pi),
Di3(My, M2, 0;pi,pj,pr) = Di3(0, My, Ma; pi, pi, pj)- (A.43)

When one of the gauge bosons is a photon, it couples to two W bosons with equal masses,
so the terms with the mass-dependent logarithms l1, s, I3 in (A243) vanish in all physically
relevant cases.

Diagram 14.

i

.. Vi - -
~14,ijkl S i NLL Vi Vi 7V VA
M2 U= = MO E Iilljllkzll 2D14(MV17MVQ;phpjypkapl))

J
ok
2 Vi, Va=A,Z W=E

l (A.44)

where the loop integral Diy is simply given by the product of one-loop integrals (A.3),

Diy(My,, My, pi, pjs Pk, P1) = Do(Myy; pi, pi) Do(Myy; pre, pi)- (A.45)

Sum of two-loop diagrams involving gauge interactions. The complete contribu-
tion of all factorizable diagrams not involving Yukawa contributions is obtained by inserting
the above results into (B.4). For the case of massless external fermions, we have explained
in detail in appendix E of ref. [B3] how the factorizable two-loop diagrams can be summed
up to the total two-loop amplitude. To this purpose we have used relations between the
scalar loop integrals which are listed in appendix B of ref. [BJ] and are valid in NLL ap-
proximation. For the general case of diagrams with massive and massless fermions, these
relations receive only minor modifications which we indicate in appendix [J of the present
paper. Apart from that, the whole procedure remains exactly the same. So here we only
present the result and refer to ref. [BJ] for more details.
The factorizable two-loop contributions can be written in the form

- 1 2
Mg NLL Mo{g |:F1F,sow] 4 FlF,SCWAFlF,Cm + FIF,SCWAFIF,Z

1 2
+L[arFe]’ L ARFAARP™ 4+ GEso 1 AGE’Om}, (A.40)

where the one-loop terms are given in (A.f). The additional two-loop terms read

F,sew 1 - 1 Y; 2 1
e :5211;5 g2 <3> + 08 g3

J(€7MW7Q2;pi7pi)7

em _ 1y
AG™ =5 4 {bé” [AT(e,0,@Q% pi,pi) — AJ (6,0, Mi; pi, pi)]
=1

+ b((glﬁD AJ(e, 0, szzv;pnpi)}a (A.47)
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with the one-loop S-function coefficients () and ([L.6), the SU(2) Casimir operator (R.1§),
and the two-loop functions

1 Q*\°
J(67m7,u'2;pi7pj) = E I(2eum7pl7p]) - (F) I(Eum7p27p]):| )
AJ(e,m, p?;piyps) = J(e;m, 1?5 pispj) — J (e, Mw, 1% pi, pj), (A.48)
for m = Mw,Myz,0, which are combinations of one-loop functions I. The expres-

sions ([A.47) rely on the fact that the J-function, to NLL accuracy, involves only the
LL parts of the I-function. In particular, no angular-dependent [;;-terms are relevant for
the J-function, so the identity ({.20) yields

NLL 1
J(e,m, (% pi,p;) = §[J(6,m,u2;pi,pz)+J(€,m,#2;pj,pj), (A.49)

and ([L.2T) can be generalized to the functions J and AJ.
In order to combine the terms in (A.47) with (5.5) we use

1[/Q*\°
and a corresponding relation between Al and AJ.

A.3 Yukawa diagrams

Most diagrams with scalar bosons coupling to external fermions are suppressed, as ex-
plained in section B.2.3. The only relevant Yukawa contributions from bare diagrams are
presented in the following.

Yukawa diagram 1.

NLL 1 A DT %
=My > o Grrernnh
Vi=A,ZW*+ ®y=H,x,¢+

~ Y 1,ij
.M2 K -

X DY,I(MV17M(I)2;pi7pj)' (A51)

The loop integral Dy ; is defined in (B.§) and yields
NLL
Dy 1(m1, Ma;pi,pj) = Dy(ma;pi,pj) (A.52)

with

NLL 1

Dy (My;pi,pj) = 6L3’
1 1 1 1 1
Dy (0 pi,p;) "= (80 + bj0) <§Le_2 + §L26—1 + §L3> — it <ZL26_1 + ZLf”)

3 17
— 80 | SLPe 4+ LB A.
7t (4 € + 12 > ) ( 53)
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where the UV singularities

1 1
ng(MhpZ)p]) NgL §L2€_1 + §L37
uv NLL 1 -3 1o o 1.9, L3
Dy Y (0;pi,p;) = 2 (0i0+0j0) € ° — (0t + ) §L€ + ZL e+ EL
(A.54)
have been subtracted.
Yukawa diagram 2.
~ .. 1 ot . _
M = oM 3 Y et
Vi=A,ZW* ®y=H, x,¢*
X Dy o( My, , Ma,; pi, pj). (A.55)
The loop integral Dy s is defined in (B.§) and yields
NLL
Dy o(m1, Ma;pi,pj) = —Dy(mi;pi,pj) (A.56)

with Dy (ma; pi, p;) from (A.53).
Yukawa diagram 3.

=Y 3,ij _ APT By Vs 1V3

1, Po=H,x,¢* Va=A,Z,W*

X DY,3(M<I>17M<I>27MV3;pi7pj)' (A57)

The loop integral Dy 3 is defined in (B.4) and yields

NLL
Dy 3(My, Ma,m3;pi,pj) = —Dy(ms;pi,pj) (A.58)

with Dy (ms;p;,pj) from (A.53).

B. Definition of the loop integrals

In this appendix, we list the explicit expressions for the Feynman integrals that contribute
to the one- and two-loop diagrams discussed in appendix [A]. In order to keep our expres-
sions as compact as possible we define the momenta

k1 = p;i + 1, ko = p; + 2, k3 = p; + 11 + o,
q =pj—l, q2 = pj — l2, q3 =pj —l1 — I, I3 = —l1 — I,
ry = pr — 1, re = pi — la, r3 = pi — 1 + 12, ly =11 — o (B.1)
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For propagators with mass m we use the notation
P(g,m) = ¢*> —m? 410 (B.2)
and for triple gauge-boson couplings we write
THIR2Es (1) Do, 13) = gHtH2 (1 — I9)H® 4 gH2#3 (1o — I3)*t + gM3Hi (I3 — 11)H2. (B.3)

The normalization factors occurring in (.9) are absorbed into the integration measure

- Ay \ P22 b, 1 25— DJ2
o 2 D 4-D i (e n2 D;.
dl; = (4m) <eVEQ2> D 2P = 7 (e"™Q%T) d”i;, (B.4)
and for the projection introduced in (B.12)) we use the equality
1
Hij (w,ﬂ.l“) = 51_[” (F) s (B5)

which holds if I" does not involve 5 or wr 1,, as it is the case in the following equations. We
have explicitly verified that the NLL contributions from the projector 1:[2-]- in (B-I3) cancel.

The integral functions Dy, depend on the internal masses mi,mao, ... and, through the
momenta p;,pj, ..., on the kinematical invariants r;; and on the masses m? = p? of the

2 —
external particles. The definition of these integrals also involves the masses m}, m! m!"’

of the particles ¢}, o7, ¢! along the fermionic line i after one, two or three interactions
with gauge bosons or scalar bosons, which possibly change the weak isospin of the external
particle ;. We have found, however, that the dependence of the results on the masses along
the fermionic lines is completely fixed by the external masses m;, so we do not indicate the
additional masses m/, ... in the arguments of the functions Dj,.

With this notation we have

. dik1qq
D yPi,Dj) = dl ’
0(m17p p]) / lp(l:bml)P(kl,m;)P(qlam‘/j)

D1 (m1,ma;pi,pj) = /d1~1dl~2

« —16(k1q1)(k3g3)
P(ll, ml)P(lg, mg)P(kl, mé)P(kg, m;’)P(ql, m;-)P(qg, m;’) ’

Do(m1, ma;pi,pj) = /d1~1dl~2

—16(k143) (k392)
P(llyml)P(l27mQ)P(klym;)P(k‘gvm;/)P(q27m;)P(Q37m‘/j/)7

D3(m1,m27m3;pi,pj)=/dl~1dl~2

X — 21 [(%3 + my )y (#y + mi)y] qggruww.‘s (I, b, 13)
P(ll, ml)P(lg, mg)P(lg, mg)P(kl, mé)P(kg, m;’)P(qg, m;) ’

Dy(my, ma; pi,p;) = /dl~1dl~2

X
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2y (R Gk (s g
P(ly,m1) P(lg,ma) [P(ky, m})]> P(ks, m)P(qr, m)’

Ds(m1, ma; pi, pj) = /dl~1dl~2

20Ty [ (K1 + mi)7%2 (y + i) g, Oy + ) |
P, m1)P Iz, ma)P(ky, ") P (kg m!) P (ka, m!) Pqr, m})’

D6(m1,m2,m3,m4§pi7pj):/leldl~2
« —4/?'1“ Q1pa [PM1M2M3 (ll, ls, lg)F“4“2“3 (ll, ls, lg) + 2[2/“[54]
P(ly,m1)P(la, ma) P(l3,m3) P(l1, ma) P(k1, m}) P(q1, m})’

o —4k1q1
D pipi) = [ diydi ,
rlma, ma, m3; pi, p5) / Py, ma) Py, ma) P(ly, m) P(kr, m]) Py, m)

Ds(ml,m2,m3,m4;pi,pj)=/dl~1dl~2

—4k1q1

X )
P(ll, ml)P(lg, mg)P(lg, mg)P(ll, m4)P(k:1, mg)P(ql, m;)

Dg(my1, ma2, m3, ma; pi,pj) = /dl}dl}

41{‘#1 qﬁu (l2 — l3)u1 (l2 — l3)#4
P(ll, ml)P(l2, TTLQ)P(lg, TTL3)P(Z1, 7714)P(k‘1, mg)P(ql, m;) ’

D1o(ma, ma, m3; ps, p;) = Dr(my, ma, ms3;pi, pj),

Dll,O(mhm27m37m4;piapj):/dl~ldl~2

X

y ARy gyt T (%1 l27u4l3)
P(ll, ml)P(l2, TTLQ)P(lg, TTL3)P(Z1, 7714)P(k‘1, m;)P(ql, m;) ’

D11 (m1, ma, m3, ma; pi, pj)=—4Dg(m1, ma, m3, ma; pi, pj),

Dya(ma, ma; pi, pj, Dk) = /dildiZ

—16(k1q1)(k3r2)
P(ll, ml)P(l2, mQ)P(kl, m;)P(k,’g, m;’)P(ql, m;-)P(Tg, m;f) ’

Di3(my, ma, m3;pi, pj, Pr) = /dildiZ

X

% 8krf1q§2r§3f“w2“3(—ll,lg,l4)
P(ll, ml)P(l2, TTLQ)P(Z4, 7713)P(k‘1, m;)P(qg, m;—)P(?"g, m%)’
Dis(ma, mo; i, pj Dk, p1) = Do(ma;pi, pj)Do(ma; pr, pr),

Dy 1(m1,ma;pi,pj) = /dildiZ

L O ) )+ i,
P(l,m1) P(la,ma) [P(ky, m})]* Pk, m)P(q1,m})’
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Dy 2(m1,ma;pi,pj) = /dildi2

2L [y + ")y + ) (8 + )
PG, Pz, ) P, Y Pk ) Pk ) P a, )

Dy 3(m1,mg, m3;pi, pj) = /dildi2

2105 [(F5 + my) (F1 +m;)] gala
P(ly,m1)P(la, ma) P(l3,m3) P(k1, m;) P(ks, m} ) P(q3, m};)
(B.6)

X

The previous definitions are valid for diagrams with incoming fermions. In the case of an
incoming antifermion ¢;, all masses m;, m}, ... along the fermionic line ¢ have to be multi-
plied by (—1), in the integral definitions ([B.6) as well as in the projectors (B.19). But as
mentioned in sections .9 and B.2.3, the NLL results are insensitive to this transformation.

The various coupling matrices [ X and Gg, which are associated with the interactions
along the fermionic lines k = 4,7,..., have been factorized from the loop integrals and
can be found in appendix [ Here a comment is in order since, in principle, the fermion-
mass terms in the numerator flip the chirality of the fermions and give rise to coupling
matrices I ,Y and G’S corresponding to opposite chirality states [see (B.29)]. However, as
discussed in appendix [A] for the case of diagrams 4 and 5 [see text after (A.17)], we have
found that the fermion-mass terms in the numerator are only relevant in the case of photon
interactions, where the representations of the generators are independent of the chiralities,
ie I ,‘:‘ =1 ,;4. Thus, all contributions can be expressed in terms of the operators I ,L/ , which
belong to the representations associated with the chiralities x; of the external fermions,
and all coupling factors can be factorized as in appendix [Al.

C. Relations between loop integrals in NLL approximation

In order to combine the two-loop contributions of section [A.d we use relations between
the loop integrals. These relations have been obtained from the explicit results listed
in sections [A.1 and [A.d. They are valid after subtraction of the UV singularities and in
NLL approximation.

For the case of massless fermionic particles, the relevant relations have been listed in
appendix B of ref. [BJ]. We have found that, after only small modifications, they are all
still valid for the case of massive fermionic particles. One trivial and obvious modification
is the following change of arguments in the integral functions Dy,:

Dy(...51i5) = Dp(-..5piyps),  for Di, ..., Dig, D11,0, D11,m, (C.1)

and similarly for the subtracted functions ADj, defined in ([A7]). Many relations do not
need further modifications, and we refer to appendix B of ref. [BJ] for them.

However, since the presence of fermion masses breaks the invariance of some dia-
grams with respect to an exchange of external or internal lines, certain relations ob-
tained for massless fermions have to be modified by an appropriate reordering of argu-
ments in the Djy-functions. We list these relations in the following. As in appendix [A],
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the symbols m; are used to denote generic mass parameters, which can assume the values
m; = Mw, Mz, my, Mg or m; = 0, and the symbols M; are used to denote non-zero masses,
ie. Mi = Mw, Mz, my, MH.

In the second line of (B.2) in ref. B9 the arguments p;,p; have to be exchanged on
the right-hand side. This relation becomes

Do(my, ma;pi, ;) = Da(ma, mi;pj,pi). (C.2)

In the relations (B.3) of ref. [BJ the order of the mass parameters in Dy has to be
reversed, and the order of the momenta in the 3-leg integral Dis is now important:

NLL 1
D3(My,ma, m3;pi,pj) = §D2(M1,m3;pi,pj)—D4(m37M1;pi7pj)

— 6Dg(mg, My, My, m3;pi, p;),

NLL 1
AD3(Mw, Mw,m1;pi,pj) = §AD12(MW7m1;pi7pk,pj)—AD4(m1,Mw;pz',pj)

_6AD9(m17MW7MW7m1;pi7pj)7
NLL
ADs(my, My, Myy;pi,pj) = ADs(Myy,m1, My;pi,pj) + AD1(Myy, ma; pi, pj)
+ ADy(m1, Mw; pi, pj) + ADa(Mw, ma; pi, p;)

1
- §AD12(MW,m1;pj7pk,pi)- (C.3)

As in ref. B3], the first of these relations has been verified and is needed only if at most
one of the masses mo and mg is zero.

The functions J and AJ defined in ([A.4]) of this paper now also depend on the external
momenta p;,pj, and (B.6) and (B.7) of ref. B become

NLL
3Dg(My, My, My, My; pi,p;) = —J (e, Mw, Q% pi, pj),
NLL
3AD9(07M27M370;pi7pj) = - [AJ(6707Q27pZ7p]) - AJ(QoaM\%V?pZ?p])] )
NLL
3|:AD11,0(0707070;pi7pj)_AD11,0(07M27M370;pi7pj):| = _4AJ(6707M\%\]7p27p])

(C.4)

For the 3-leg integrals the order of the external momenta p;,p;, pr becomes relevant
and (B.8), (B.9) and (B.10) of ref. B generalize to

NLL
Dia(ma, ma; pi, pj, pk) + Di2(ma, mi;pi, bk, pj) = Do(ma;pi,pj)Do(ma; pis Dk)s

S° sgn(n(i,j, k) Diz (M, Ma; pi,pj, o) = 0, (C.5)
7(3,5,k)

where the sum runs over all permutations 7 (i, j, k) of 4, j, k, with sign sgn(n (i, j, k)), and

NLL

Di3(My, M2, M3;p;,pj,pe) = 0,
2AD13(My, My, m3;pi,pj,p6) = 2AD13(ms, My, My;pg, pi, pj)
= 2AD;3(Myi,m3, Mi;pj, pr, pi)
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NLL
=" AD13(Mw,m3;p;j,pi, pr) — AD12(Mw, m3; pi, Dy, Pk)-

(C.6)

When fermion masses are involved, the last relation is only true (and only needed) if the
two non-zero gauge-boson masses M7 on the left-hand side are equal.

We have found that the relations from appendix B of ref. [BJ], together with the modifi-
cations presented above, are exactly the ones needed to combine the two-loop contributions
of section [A.9 into the complete amplitude (see end of appendix [A).

D. Application to four-particle processes

Here we apply our results to four-particle processes involving light fermions, heavy fermions
and gluons. We first examine four-fermion processes

©1(p1) p2(p2) — w3(—p3) pa(—pa), (D.1)

where each of the ¢; may be a fermion, p; = f7i, or antifermion, ¢; = fc’fz, with the
notations from section [, provided that the number of fermions and antifermions in the
initial and final state is equal. We exclude top quarks from the initial state, ¢; 2 # ¢, ¢, but
allow for bottom quarks there. The final state may contain any combination of massless
or massive fermions and antifermions, including top and bottom quarks.

The scattering amplitudes for the processes (D)) follow directly from our results for
the generic n — 0 process (B.I)) by crossing symmetry, and the Mandelstam invariants are
given by s = rig = r34, t = ri3 = ro4, and u = 714 = ro3 with 7;; = (p; +pj)2. In practice

. . ; K1 fK2 K3 fK4 ]
we can restrict ourselves to the calculation of s-channel amplitudes f5! f52 — f53 f74, i.e.

amplitudes where the external fermion lines are connected between f;! and fc’fg in the
initial state and between f73 and f7# in the final state. All other scattering amplitudes
needed for the four-fermion processes can be obtained from the s-channel amplitudes by
crossing symmetry.

In section D.]] we treat neutral-current four-fermion amplitudes where the particle
pairs in the initial and final state are antiparticles of each other. Section [D.9 is devoted
to charged-current four-fermion amplitudes where the initial and final state each consist
of a pair of isospin partners. Finally, in section [D.J we provide results for the annihilation
of two gluons into a fermion pair, gg — & f&. All other four-particle processes involving
two gluons and two (anti)fermions, i.e. g f* — gf& frff — gg, etc., are related to
gg — f5 fF by crossing symmetry.

In order to keep all results manifestly invariant with respect to crossing symmetry, we
keep the hard scale @2, which enters the logarithms L = In(Q?/M3;), as a free parameter.
In practical applications, @2 can be identified with the centre-of-mass energy s or, alter-
natively, with [¢t| or |u|. This implies an ambiguity of NNLL order, which corresponds to
the intrinsic error of the NLL approximation.

We present the results in the factorized form (5.1I§), using the notation

Mx Y Mo (Q2) £ £% 1, (D.2)
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where X denotes a specific process. In particular we separate the finite parts of the correc-
tions, f¥V and f)Z(, from the subtracted electromagnetic part f¢". The latter contains all
soft /collinear 1/e poles that must be cancelled against real photon emission or, in the case
of initial-state singularities, factorized. In 52" and f% we will omit contributions of O(e)
and O(e?), since such terms are irrelevant after cancellation of the photonic soft/collinear
singularities. The electromagnetic contributions f§" have the general form

€ 211 em em
)e(m NLL 14+ —Ale + <Zﬂ_) |:§ (A 1,X)2 +A92,X:| (D3)

with

2 1 3 1
Afem " (26—2 — 1P =Sl — L' 43¢ 3L 4 S L+ 5L3e2> C% o

+ <e_1 + L+ %L26 + %L362> [2 (L—=1-1)C{% ¢ — Cad em} + 0(63)’
em NLL - -
Ags {luR [—25 2 (2L — 1) et + 1 L 3liR] b

3
+ <§e_3 +2Le™? + L2e_1> bggD} Ci% o + [zuR (2Le ' +4L% — 1, L) bV
— (Le 24202 +217) ((QQD] O, + Oe), (D.4)

Cad em

and the factors C7'§ .0 C1'x ¢ , which depend on the charges and masses of the ex-

ternal particles, are given in the next sections. The values for the S-function coefficients
b and bg)ED can be found in (.§) and ([.§).

D.1 Neutral-current four-fermion scattering

This section deals with s-channel neutral-current four-fermion amplitudes
f(": f_(f — f;/ _5/ 5 (D5)

where a fermion-antifermion pair annihilates and produces another fermion-antifermion
pair. The Born diagram of such an amplitude is given by

Is I
A7

Iy £

We allow for top quarks only in the final state. Both particles of the initial state must
share the same chirality x, and both particles of the final state must have the same chi-
rality «/, otherwise the amplitude is suppressed in NLL accuracy. The electromagnetic
charge quantum numbers of the external particles are given by qy = qpx = —Qjx and

qp = dpw = —qp, the hypercharges by yy = ypx = —yp and yp = ypw = Yo,
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the isospin components by ti’c = t‘;i,i = f& and ti’c, ti’m = tj’m,, and the isospin by
tr=|t f\ tp =t f,\ We use zf and zf, to denote the Yukawa factors ([L.11]) of the initial-
and final-state particles, respectively.

The amplitude can be written in the factorized form (f.13),

Muyc " Mo no(Q?) 1Y Fhe 158 (D.6)

The Born amplitude combined with the (non-diagonal) symmetric-electroweak contribution

ARE ([B:23) reads

sew NLL 1 _
Monc(@) Y = 5 0(p2, k)Y u(p1, k) a(—ps, )y 0(—pa, £) {CO,NC
Qe 2 sew )‘2
+ E _C()7NC (L - 3L) Cl,NC + Lt (Zf + Zf/) + L Cl NC

€ 2 1 )\2
+ (a_) [CO,NC ((5[,4 _ 3L3> (CseW ) + L2Lt (Zf + Zf/) CTN .NC + 95 NC)

47
—L? C%c Ci%e } + O(e), (D.7)
where the Born term
Yryy
Cone = ¢1(Q%) Z5 + g3 (Q7) 1], (D.8)

is written in terms of couplings ¢;(Q?) renormalized at the scale ), whereas a. and the
other couplings and mixing angles in the loop corrections are renormalized at the scale ug.
The remaining terms in (D.7) read

2

2 .2
9 Y, %
CiNe = 54 +otrlty + D)+ = f),

= 9_1 —yfyf _ sew
CINC = CoNe [4ln<t> <e2 Lt tftf,> 21ln <Q2> ClNC}
9 U t
+ 29;(@ ) 62 [ln <?) tftf/ — <1H < > + In <S>> t?ts,] ,

Sew 1 y
giNe = (§L3—lu )[b“) DU P %4t + 1)+ (f = )] +00. (D)

The values for the [-function coefficients bgl), bgl) are given in (.§). The symmetric-

electroweak result (D.7) is multiplied with the diagonal factors

e gty | (Zadt - 2o Y)Y 1o )| w00 ©a0)
and fY@&. The latter is obtained from (m),(m) with

CiRoo =47 +0p0q,  CiRes =04
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ad,em U —S
Cl,NC = 4In <;> qrqp —2In <@> (q? + q]%/) , (D.11)

where ¢, = 2/3, and the symbols

Opr g = { (1): ;: £ z } , Opro=1—0p4 (D.12)
are used to distinguish between massive and massless fermions in the final state.

Note that only the electromagnetic contributions f\@ depend on the fermion masses.
The remaining contributions are simply complemented by the Yukawa contributions pro-
portional to A? in (D.7), otherwise they are equal to our results for massless fermions
presented in section 8.4.1 of ref. [BJ.

D.2 Charged-current four-fermion scattering

In this section we treat s-channel charged-current four-fermion amplitudes f7 f;\ — fr f 3‘, ,
where the fermions f, and f,/ are the isospin partners of f, and f,, respectively. We allow
for a top-antibottom or bottom-antitop pair both in the initial and final state because
the s-channel amplitude tb — tb arises via crossing symmetry as a contribution to the
process bb — tt.

For s-channel amplitudes with purely left-handed external fermions,

L 7L L 7L
fo. fP — fo./ o (D13)
the Born diagram involves the exchange of a W boson:
7 1
W:I:
7L, 7L
fp fp/

Most of the other combinations of chiralities for the external fermions yield contributions
which are suppressed in NLL accuracy. The only exception is the s-channel amplitude

tR bl — tRph (D.14)

or, via crossing symmetry, b t® — b tR, where the exchange of a ¢T scalar boson in the
Born diagram produces a non-suppressed contribution with right-handed top quarks:

tR tR

We start with the fully left-handed amplitude (D.13). The hypercharge quantum
numbers of the external particles are given by yy = yp = ~Yp and yp =y = —yp,
o O', p/
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the isospin components by t3 = t?““ t‘j’c = t‘ij =3 s and for left-handed fermions

[t3| = 1/2. The Yukawa factors (f.11) of the initial- andpﬁnal state particles are denoted

by z}( = z}(L = Z}(L and z}(, = z}(L = Z}-(L, respectively.
g P o! 12

As in the previous section, the amplitude (D.I3) is written in the form

Mee " Mo ce(Q?) FE fhc feo. (D.15)

Combining the Born amplitude with the (non-diagonal) symmetric-electroweak contribu-

tion fYY (F:23), we find

0

1 2(0)2
Mo cc(@) fE = = 5(pe, L)y u(py, L) u(—ps, L)yv(—ps, L) {92 (2Q !
2 2 2
aE 79 Q Sew )\
+ 4 [_ 2(2 ) ((L2 —3L) CY¢c + Ly o5 307 (2 +z){,)> + LM

* (47r>

9 2
(2Q ) << A 3L3> (CSGW ) + L2 Lt Al (zf +Zf’)01CC +chc)

—L*Ciite Ciite } +0(e) (D.16)
with
oo = BUTYE 38
Cite = @ [4111 (5) g—i W2 <ln (é) +1n (%)) g—§ —2In <Q2> C;OgC]

2
UN 20 ~2\ Y5YF 92
+2mn () Q) L2,
2
sew NLL (1 Gy + 2,
Jo.cc = <§L3—luRL2> <b§1)e—; / 1 / —b(l) >+(9() (D.17)

The My-dependent correction factor reads

z NLL |, Qc 92 2 91 2 yf""yjz”
Fhe N Sty (B o B M) 4 o), (D.18)

and the electromagnetic factor f& is obtained from (D.3)—(D.4) with
1
Cico = 5 [51”,0 (Q?L + q?“) + 0510 <q12‘L, t q12”1,> + (0pe+0y14) qﬁ}
o P
g y 1 g5
:[ (12 +1_2\2N>+ b+ (f < f)]
1
2

Clejﬂ(l)(}m = 5ft +op, ) qtv
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d —S —t
Crée =2 [hl <@> (qf;qf} + qu,Qf;,> —In (@) (qf;qu, + Qf;qﬁ,)
—Uu
—In (=5 (

Q
=i\ e T G ) TG ) et

qf;q%, + qu,qf})]

@2, uityh 142
—2In <Q2>< 1c@%+§—§s§, , (D.19)
where ¢ = 2/3, g, = —1/3, and the symbols
1, fo=tor f,=1t
Ote = { 0, otherwise ’ } ? df0=1—10p; (D.20)

and similarly for f — f', f, — for, fo — f are used to distinguish between massive and
massless fermions.

Again only the dependence of the electromagnetic contributions f&@ on the fermion
masses and the Yukawa terms in (D.16) are new compared with our results for massless
fermions in section 8.4.2 of ref. [BJ].

Now we present the results for the s-channel amplitude t® b — t® bl (D.14) which
contributes via crossing symmetry to the process b” bl — t® t®. We need the hypercharges
yr = 4/3, yp = 1/3 and the Yukawa factors zt\f% =2, ZEL = 1. The amplitude reads

NLL
Macy = Mo coy(Q) &8y floy &8y (D.21)
and is expressed through
NLL AP(Q?) _
Mooy (@) fE =7 - t(s )U(pz,L)U(pl,R)U(—p?),R)U(—m,L) {1
Qe 2 sew )‘2
to (L* —3L) CiToy — Li 5 502 (2h + 2p) + L CiCoy
+ %)2 1L4_3L3 (Csew ) —I—LL )‘2(Y+ZY)C«sew + ¢S
ar 5 1,0CY 5.2 2R bL) L1,cecy T 92.cCv
—L? Citoy Cioy } + O(e) (D.22)
with
osew _ g% ng + ygL 3 g
v = @™ “tia
_ 91 YtRYpL
C’1CCY - 41n<8> 62 4 —2In <Q2>Ofe(v]VCY’

— 53 —



sew NLL (1 ) 93 vER T U 3.0 9
g2.coy = <§L3 - luRL2> (bg ) e—; % +3 BV 2 ) 106 (D.23)

and the My-dependent factor

y 1 2
fooy 2 1+4—2Ll [gl 2 tR—|—< 2 w+%8wygL> +0(e). (D.24)

4 2 e

The electromagnetic correction factor f&& is obtained from (D.3)—(D.4) with
Cieevo = a8 Citoy. = 4
City = 4In ( ) qiqp — 2In <Q2> (62 +at) - (D.25)

D.3 Annihilation of two gluons into a fermion pair

This section completes the four-particle processes by amplitudes with two gluons in the
initial state. The process

gg — [ fy (D.26)

involves three diagrams at Born level,

g £ g f5 g f5
+ + ,
g 5 g fo 8 9999)

and the corresponding Born amplitude in the high-energy limit reads
Mo or = =92 eu(p1)en (p2) u(—ps, &) x

i
{; fabere {g“”(pl —p2)’ + "7 (p1 + 2p2)" — ¢P* (2p1 + pz)“] Yo

+ %tatb ’y”(p +p4)’}’ 4= 1 tbta ,Yu(pl +¢4),},u} U(—p47 H/)7 (D.27)

where gs is the strong coupling, €,(p1,2) are the polarization vectors of the initial-state
gluons with colour indices a and b, t* are the generators of the QCD SU(3) gauge group,
and ¢ are the corresponding structure constants.

As discussed in section ff], our NLL results for n-fermion processes can be applied also to
QCD processes involving fermions and gluons. The NLL amplitude for the process (D.24)
assumes the usual factorized form,

NLL w
Mgy =" Mogr I35 for Fof (D.28)

and the presence of the gluons affects only the factorized Born amplitude ./\/107g s The NLL
correction factors fgsjecw, gf, and f are obtained from the general results of section
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and section [ by treating the reaction (D.2) as a 0 — 2 process, in the sense that the NLL
correction factors receive contributions only from the final-state fermions.
The symmetric-electroweak operator fg;w is diagonal for this process,

W NLL - A2
- (s () o 9]

Qe \ 2 1 4 3 3 w2 ) /\% v " "
+<E> {[EL —3L7+2L 1H<Q2>] (Oiegf) +L Lt@zf’cfogf“' 9>t

+ O(e), (D.29)
and simply multiplies the Born amplitude (| ) The terms C5% and g5 used here as
well as the two other correction factors f% of and ' can be obtained from the corresponding

results (D.9)—(D-11]) of the neutral-current four- fermlon amplitude in section D.1] by setting
all electroweak quantum numbers of the initial-state fermions (y, ti’c, tf, qy) to zero, keeping
only the final-state quantum numbers y, ti’u, tpr, qpr.

D.4 Comparison with effective field-theory results

The four-fermion amplitudes presented in this appendix can be compared with the results
of refs. [24, 5] based on soft-collinear effective theory (SCET). To this end we have to
use the results in section VII of ref. [RF], omitting QCD contributions. We have found
agreement at NLL accuracy for the symmetric-electroweak and Myz-dependent parts of
our results.

In the SCET framework, the full electroweak theory is matched at the high scale
= @ to an effective theory SCETEw where the degrees of freedom above the scale Q
are integrated out. In NLL accuracy, only the tree-level expressions of the corresponding
matching coefficients are relevant. These matching coefficients are evolved from the scale

= @ down to the scale p = My using anomalous-dimension matrices calculated in
SCETgw. This step yields LL and NLL contributions which agree with the symmetric-
electroweak parts fXe (D7) and f& (D-1G) of the neutral- and charged-current amplitudes
presented here. At the low scale = Mw, SCETgw is matched to another effective theory
SCET, where the massive gauge bosons are integrated out. The loop corrections resulting
from this second matching agree with the factors fZ. (D-10) and f&. (D-1§) arising in our
calculation from the difference in the W- and Z-boson masses.

Finally, the matching coefficients in SCET,, are evolved down to some finite scale
po < Mw (o = 30GeV for the numerics in ref. [2§]), which acts as a cut-off for the
singular contributions due to soft and collinear photons. Due to the different regularization
employed in our calculation these contributions cannot directly be compared with our
electromagnetic factors f{@ and fEE.

In addition to the results of ref. 9], our analysis in section [D.3 also includes the
charged-current t-channel amplitude for the process bb — tt and, in particular, the tree-
level exchange of a scalar boson in the case of right-handed top quarks.

Our results concerning four-particle processes with two gluons and two quarks
in section [D.d are in agreement with the comments on these reactions in ref. [2§].
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